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CHAPTER 1 
Introduction 


In these notes we will consider the Euler equations in the 2-dimensional space in vor- 
ticity formulation, which are given by 
Ow + (u-V)w = f 
(1.1) 
v(-,t) = Kə * w(:, t) 
where K> is the usual 2-dimensional Biot-Savart kernel and f is a given external vorticity 
source, which we often call the force. wv is the velocity field, and it is a function defined 
on a space-time domain of type R? x [0,7]. By the Biot-Savart law we have w = curlv = 
Or V1 — Or V2 = V X v. 
We will study the Cauchy problem for (1.1) with initial data 
w(-,0) = wo (1.2) 
on the domain R? x [0, cof under the assumptions that 
(i) wo € L! N L? for some p > 2 and vo = Ko * wo € L?; 
(ii) f € L1((0, 7], L! N L?) and Ky * f € L'((0,T], L?) for every T < oo. 
In particular we understand solutions w in the usual sense of distributions, namely, 


f fw (3p + Ky *w- Vd) + fo] dxdt = - f (¢,0) a(x) de (1.3) 


for every smooth test function ¢ € CS°(R? x [0, T[). In view of (i)-(ii) and standard energy 
estimates we will restrict our attention to weak solutions which satisfy the following bounds: 


(a) w € L™([0,T], L? A LP) and v € L™((0, T], L?) for every T < oo. 
The purpose of these notes is to give a proof of the following: 


THEOREM 1.0.1. For every p €|2, co| there is a triple wo, vo, and f satisfying (i)-(ii) 
with the property that there are uncountably many solutions (w,v) of (1.1) and (1.2) on 
R? x [0,œo| which satisfy the bound (a). Moreover, wo can be chosen to vanish identically. 


In fact, the f given by the proof is smooth and compactly supported on any closed 
interval of time |e, T] c]0, oo|. Moreover, a closer inspection of the argument reveals that 
any of the solutions (w,v) enjoy bounds on the Wee norm of w(t,-), and good decay 
properties at infinity, whenever t is positive (and obviously such estimates degenerate as 
t | 0). In particular v belongs to Cit, (R* x]0, oo[). It is not difficult to modify the arguments 
detailed in these notes to produce examples which have even more regularity and better 
decay for positive times, but we do not pursue the issue here. 
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REMARK 1.0.2. Recall that 
|e * w(-, t)llzæ < C) (lw, Hla. + Ilo, tliz) (1.4) 


whenever p > 2 (cf. the Appendix for the proof). Therefore we conclude that each solution 
v in Theorem 1.0.1 is bounded on R? x [0,7] for every positive T. 


The above groundbreaking result was proved by Vishik in the two papers [39] and [40] 
(upon which these notes are heavily based) and answers a long-standing open question in 
the PDE theory of the incompressible Euler equations, as it shows that it is impossible to 
extend to the L’ scale the following classical uniqueness result of Yudovich. 


THEOREM 1.0.3. Consider a strictly positive T, an initial vorticity wọ € L! N L® with 
vo = Kaxwo € L? and an external force f € L'((0,T]; LIN L®) with Kax f € L'((0,T]; L>). 
Then there is a unique solution w of (1.1) and (1.2) on R? x [0,T] satisfying the estimates 
w € L”([0, T], L! A L®) and v = Kə x*w € L”([0, T], L>). 


The above theorem in a bounded domain was originally proven by Yudovich in 1963 
[43], who also proved a somewhat more technical statement on unbounded domains. We 
have not been able to find an exact reference for the statement above (cf. for instance [29, 
Theorem 8.2] and the paragraph right afterwards, where the authors point out the validity 
of the Theorem in the case of f = 0). We therefore give a detailed proof in the appendix for 
the reader’s convenience. When f = 0, Theorem 1.0.3 has been extended to the Yudovich 
space of functions whose L? norms are allowed to grow moderately as p — +00 [44] and 
borderline Besov spaces containing BMO [38]. 


REMARK 1.0.4. We recall that the solution of Theorem 1.0.3 satisfies a set of impor- 
tant a priori estimates, which can be justified using the uniqueness part and a simple 
approximation procedure. Indeed if (w, v) is a smooth solution of (1.1), then the method 
of characteristics shows that, for every t, there exists a family of volume-preserving diffeo- 
morphisms T, : R? + R?,s € [0, t], such that 


wi at) = wal Tov) +f f(T.2, 8) ds. 


Therefore, since volume-preserving diffeomorphisms preserve all L4 norms, we get, for all 
q € [1, oo], 


t 
lel, Ice < [loll ze +f IFC; 8) [lua ds. 


Furthermore, a usual integration by parts argument, as seen in [43, Lemma 1.1], shows 
that v satisfies the estimate 


t 
llo(-, t)llz2 < [lvollze +f ||Ko * f(-,8)|[z2 ds. 
0 


REMARK 1.0.5. Recall that the Biot-Savart kernel is given by the formula 


gt 1 


Ko(21, £2) = One = me 22) š (1.5) 
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In particular, while Ky ¢ L? for any p, it can be easily broken into 
Ko = Kelp, + Kolze, (1.6) 


where B, denotes the unit ball around 0. Observe that K 1p, € L9 for every q € [1, 2[ and 
Klg: € L" for every r €]2,00]. Under the assumption that w € L° for some positive 
ô > 0, this decomposition allows us to define the convolution Ky * w as (Ko1pz,) * w + 
(K21p-) * w, where each separate summand makes sense as Lebesgue integrals thanks to 
Young’s convolution inequality.! 

On the other hand we caution the reader that, for general w € L?, Ky xw may not be 
well-defined. More precisely, if we denote by Z the Schwartz space of rapidly decaying 
smooth functions and by .”’ the space of tempered distributions (endowed, respectively, 
with their classical Fréchet and weak topologies), it can be shown that there is no contin- 
uous extension of the operator Z 3 w =œ Kə *w E€ Z to a continuous operator from L? 
to Z’, cf. Remark B.4.1. 

This fact creates some technical issues in many arguments where we will indeed need 
to consider a suitable continuous extension of the operator w +> Ky xw to some closed 
linear subspace of L?, namely, m-fold rotationally symmetric functions in L? (for some 
integer m > 2). Such an extension will be shown to exist thanks to some special structural 
properties of the subspace. 


1.1. Idea of the proof 


We now describe, briefly, the rough idea of and motivation for the proof. An extensive 
description of the proof with precise statements can be found in Chapter 2, which breaks 
down the whole argument into three separate (and independent) parts. The subsequent 
three chapters are then dedicated to the detailed proofs. 

First, we recall two essential features of the two-dimensional Euler equations: 


(1) Steady states. The two-dimensional Euler equations possess a large class of ex- 
plicit, radially symmetric steady states called vortices: 
(x) =g(|z|), v(x) = Çz x. (1.7) 
(2) Scaling symmetry. The Euler equations possess a two-parameter scaling symme- 
try: If (w,v) is a solution of (1.1) with vorticity forcing f, and À, u > 0, then 


wult t) = p(t t), vault t) = o(s, nt), (1.8) 
define a solution with vorticity forcing 
faula, t) = p’ f (Az, pt). (1.9) 
The scaling symmetry corresponds to the physical dimensions 
L 1 1 


k=, W=T, h5 Wl=5, and [f (1.10) 


TYoung’s convolution inequality states that, if g, € L”! and g> € L”? with 1 < + + A < 2, then 
gi(y — -)g2(-) belongs to L1 for a.e. y and gı * g2 € L” for + = z + T —1. 
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We now elaborate on the above two features: 


1. Unstable vortices. The stability analysis of shear flows u = (b(y),0) and vortices (1.7) 
is classical, with seminal contributions due to Rayleigh [32], Kelvin [36], Orr [31], and many 
others. The linearized Euler equations around the background vortex w are 


ðw — Law := w + C(r)Opw + (v-e,)g/(r) =0, v= Kox*w. (1.11) 


Consider the eigenvalue problem associated to the linearized operator Ls. It suffices to 
consider Y = e””’wWm(|x|), m > 0, the stream function associated to a vorticity perturbation 
w (that is, Ay = w). It is convenient to pass to an exponential variable s = log r and define 
Pls) = Ymhle); A(s) = e®g’(e*) (r x the radial derivative of the background vorticity); and 
=(s) = C(e*) (the differential rotation). The eigenvalue problem for Lst, with eigenvalue 
A = —imz, can be rewritten as 
d2 
(E(s) — z) (5 = m?) o -— A(s)¢ = 0. (1.12) 


This is Rayleigh’s stability equation. The eigenvalue A is unstable when Im(z) > 0, in which 
case we can divide by = — z and analyze a steady Schrodinger equation. It is possible to 
understand (1.12) well enough to design vortices for which the corresponding linear oper- 
ator has an unstable eigenfunction. The unstable modes are found to be bifurcating from 
neutral modes. For shear flows, this analysis goes back to Tollmien [37], who calculated the 
necessary relationship between z and m for such a bifurcation curve to exist. The problem 
was treated rigorously by Z. Lin [25] for shear flows in a bounded channel and R? and 
rotating flows in an annulus. We recognize also the important work of Faddeev [14]. For 
those interested in hydrodynamic stability more generally, see the classic monograph [10]. 
Chapter 4 therein concerns the stability of shear flows, including Rayleigh’s criterion and 
a sketch of Tollmien’s idea. See, additionally, [24] and [34, Chapter 2]. 

The case of vortices on R?, which is the crucial one for the purposes of these notes, 
was treated by Vishik in [40], see Chapter 4 below. In the cases relevant to these notes, 
Ls has at least one unstable eigenvalue A. While the latter could well be real, for the sake 
of our argument let us assume that it is a complex number A = ao + bot (ao, bo > 0) and 
let À = ao — boi be its complex conjugate. If we denote by 7 and 7 two corresponding 
(nontrivial) eigenfunctions, it can be checked that they are not radially symmetric. 

With the unstable modes in hand, one may seek a trajectory on the unstable manifold 
associated to \ and À. For example, one such trajectory may look like 


w=o+w'™ + o(e™), (1.13) 


where wt! = Re(e*'n) is a solution of the linearized Euler equations (1.11). These solutions 
converge to w exponentially in backward time. Hence, we expect that certain unstable 
vortices exhibit a kind of non-uniqueness at time t = —oo and moreover break the radial 
symmetry. The existence of unstable manifolds associated to a general class of Euler flows 
in dimension n > 2 was demonstrated by Lin and Zeng [28, 27]. There is a substantial 
mathematical literature on the nonlinear instability of Euler flows, see [16, 15, 17, 4, 42, 
26]. 
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2. Self-similar solutions. It is natural to consider solutions invariant under the scaling 
symmetry and, in particular, it is natural to consider those self-similar solutions which 
live exactly at the desired integrability. If we fix a relationship L“ ~ T in the scaling 
symmetries, the similarity variables are 


¿= T r= logt (1.14) 
1 1 
v(x, t) a Aa a) w(x, t) m 726 T). (1.15) 


We may regard the logarithmic time as Tr = log(t/to), so that t is non-dimension- alized 
according to a fixed reference time tọ = 1. Notice that physical time t = 0 corresponds to 
logarithmic time T = —oo. The function 2 is known as the profile. The Euler equations, 
without force, in similarity variables are 


dQ — (1+ £-Vd)Q4V-VQ=0 
(1.16) 
V = Kox*. 


Profiles Q satisfying ||Q(-,7)||ze = O(1) as rT + —oo satisfy |lw(-,t)||z> = O(t lta) as 
t — 0+, and similarly in the weak L? norms. Hence, the Lebesgue and weak Lebesgue 
norms with p = 2/a would be O(1) in either variables. To show sharpness of the Yudovich 
class, we consider 0< a <1. 


The route to non-uniqueness through unstable vortices and self-similar solutions is 
as follows: Suppose that Q is an unstable steady state of the similarity variable Euler 
equations (1.16) (in particular, @(2,t) = t~1Q(€) is a self-similar solution of the usual Euler 
equations). Find a trajectory Q on the unstable manifold associated to Q. In similarity 
variables, the steady state Q will be “non-unique at minus infinity”, which corresponds to 
non-uniqueness at time t = 0 in the physical variables. 

One natural class of background profiles consists of power-law vortices © = B|a|~°, 
6 € R, which are simultaneously steady solutions and self-similar solutions without force. 
At present, we do not know whether the above strategy can be implemented with power-law 
vortices. 

Instead, we choose a smooth vortex profile g(|x|), with power-law decay as |x| — +00, 
which is unstable for the Euler dynamics. Our background will be the self-similar solution 
with profile Q = g(|€]), which solves the Euler equations with a self-similar force. This 
profile may be considered a well-designed smoothing of a power-law vortex. When the 
background is large, it is reasonable to expect that the additional term in the similarity 
variable Euler equations (1.16) can be treated perturbatively, so that g(|€|) will also be 
unstable for the similarity variable Euler dynamics. This heuristic is justified in Chapter 3. 

In order to ensure that the solutions have finite energy, we also truncate the back- 
ground velocity at distance O(1) in physical space. This generates a different force. The 
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truncation’s contribution to the force is smooth and heuristically does not destroy the non- 
uniqueness, which can be thought of as “emerging” from the singularity at the space-time 
origin. Our precise Ansatz is (2.38), which is the heart of the nonlinear part of these notes. 


1.2. Differences with Vishik’s work 


While we follow the strategy of Vishik in [39, 40], we deviate from his proof in some 
ways. We start by listing two changes which, although rather minor, affect the presentation 
substantially. 


(1) We decouple the parameter a in (1.14) governing the self-similar scaling from the 


YS 


decay rate & of the smooth profile g at infinity. In [39] these two parameters are 
equal; however, it is rather obvious that the argument goes through as long as 
a <a. If we then choose a < @ the resulting solution has zero initial data. This 
is a very minor remark, but it showcases the primary role played by the forcing f 
in the equation. 

Strictly speaking Vishik’s Ansatz for the “background solution” is in fact differ- 
ent from our Ansatz (even taking into account the truncation at infinity). The 
interested reader might compare (2.9) and (2.11) with [39, (6.3)]. Note in par- 
ticular that the coordinates used in [39] are not really (1.14) but rather a more 
complicated variant. Moreover, Vishik’s Ansatz contains a parameter €, whose 
precise role is perhaps not initially transparent, and which is ultimately scaled 
away in [39, Chapter 9]. This obscures that the whole approach hinges on finding 
a solution Q of a truncated version of (1.16) asymptotic to the unstable manifold 
of the steady state Q at —oo. In our case, 2 is constructed by solving appropriate 
initial value problems for the truncated version of (1.16) at negative times —k and 
then taking their limit; this plays the role of Vishik’s parameter e. 


We next list two more ways in which our notes deviate from [39, 40]. These differences 
are much more substantial. 


(3) The crucial nonlinear estimate in the proof of Theorem 1.0.1 (cf. (2.18) and the 


more refined version (2.25)), which shows that the solution Q is asymptotic, at 
minus infinity, to an unstable solution of the linearized equation, is proved in a 
rather different way. In particular our argument is completely Eulerian and based 
on energy estimates, while a portion of Vishik’s proof relies in a crucial way on 
the Lagrangian formulation of the equation. The approach introduced here is 
exploited by the first and third author in [3], and we believe it might be useful in 
other contexts. 


(4) Another technical, but crucial, difference, concerns the simplicity of the unstable 


eigenvalue 7. While Vishik claims such simplicity in [40], the argument given in 
the latter reference is actually incomplete. After we pointed out the gap to him, he 
provided a clever way to fill it in [41]. These notes point out that such simplicity 
is not really needed in the nonlinear part of the analysis: in fact a much weaker 
linear analysis than the complete one carried in [40] is already enough to close the 
argument for Theorem 1.0.1. However, for completeness and for the interested 
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readers, we include in Appendix A the necessary additional arguments needed to 
conclude the more precise description of [40]. 


1.3. Further remarks 


Recently, Bressan, Murray, and Shen investigated in [7, 6] a different non-uniqueness 
scenario for (1.1) which would demonstrate sharpness of the Yudovich class without a force. 
The scenario therein, partially inspired by the works of Elling [11, 12], is also based on 
self-similarity and symmetry breaking but follows a different route. 

Self-similarity and symmetry breaking moreover play a central role in the work of 
Jia, Šverák, and Guillod [22, 21, 19] on the conjectural non-uniqueness of weak Leray- 
Hopf solutions of the Navier-Stokes equations. One crucial difficulty in [21], compared to 
Vishik’s approach, is that the self-similar solutions in [21] are far from explicit. Therefore, 
the spectral condition therein seems difficult to verify analytically, although it has been 
checked with non-rigorous numerics in [19]. The work [21] already contains a version of 
the unstable manifold approach, see p. 3759-3760, and a truncation to finite energy. 

At present, the above two programs, while very intriguing and highly suggestive, require 
a significant numerical component not present in Vishik’s approach. On the other hand, 
at present, Vishik’s approach includes a forcing term absent from the above two programs, 
whose primary role is showcased by the fact that the initial data can be taken to be zero. 


After the completion of this manuscript, the first three authors demonstrated non- 
uniqueness of Leray solutions to the forced 3d Navier-Stokes equations. The strategy in [2] 
was inspired by the connection between instability and non-uniqueness recognized in [21], 
Vishik’s papers [39, 40], and the present work. One of the main difficulties in [2] is the 
construction of a smooth, spatially decaying, and unstable (more specifically, due to an 
unstable eigenvalue) steady state of the forced 3d Euler equations. It is constructed as a 
vortex ring whose cross section is a small perturbation of the 2d vortex of Chapter 4 below. 
In this way, the work [2] relies crucially on the present work. Two spectral perturbation 
arguments are employed to ensure that (i) the vortex ring inherits the instability of the 
2d vortex, at least when its aspect ratio is small, and (ii) the singularly perturbed oper- 
ator with a Laplacian inherits the instability of the inviscid operator. Once the viscous 
instability is known, the non-linear argument is actually more standard in the presence of a 
Laplacian, due to the parabolic smoothing effect. In this direction, recent progress includes 
(a) non-uniqueness in bounded domains [1] and (b) a quasilinear approach to incorporating 
the viscosity, exhibited in the hypodissipative 2d Navier-Stokes equations [3]. 


Much of the recent progress on non-uniqueness of the Euler equations has been driven 
by Onsager’s conjecture, which was solved in [20]. With Theorem 1.0.1 in hand, we can 
now summarize the situation for the Euler equations in dimension three as follows: 
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ea € (1,2): (Local well-posedness and energy conservation) For each solenoidal ug € 
C°(T?) and force f € L'(]0,T[;C°(T?)), there exists T’ €]0,T[ and a unique local-in- 
time solution u € L®(j0,T’[;C°(T3)). The solution u depends continuously ° in the 
above class on its initial data and forcing term. Moreover, the solution u conserves 
energy. 

e 1/3 < a < 1: (Non-uniqueness and energy conservation) There exist a time T > 
0, a force f € L'(]0,T[; L? 0 C%(R? x T)), and two distinct weak solutions u1, uz € 
L™(]0, T|; L? N C°(R? x T)) to the Euler equations with zero initial data and force f. 
For any T > 0, any weak solution u in the space L®(]0, T|; L? N C°(R? x T)) with forcing 
in the above class conserve energy [9]. 

e0 <a < 1/3: (Non-uniqueness and anomalous dissipation) There exist a time T > 0 
and two distinct admissible weak solutions (see [8]) u1, u2 € L®(]0, T[; C°(T°)) to the 
Euler equations with the same initial data and zero force and which moreover dissipate 
energy. 


While we are not aware of the first two statements with force in the literature, the 
proofs are easy adaptations of those with zero force. In order to obtain the non-uniqueness 
statement in the region 1/3 < a < 1, one can extend the non-unique solutions on R? 
to be constant in the x3 direction. The borderline cases may be sensitive to the function 
spaces in question. For example, the three-dimensional Euler equations are ill-posed in C*, 
k > 1 [5]. Furthermore, of the above statements, only the negative direction of Onsager’s 
conjecture is open in n = 2. 


?The continuous dependence is more subtle for quasilinear equations than semilinear equations, and 
uniform continuity is not guaranteed in the regularity class in which the solutions are found, see the 
discussion in [35]. One can see this at the level of the equation for the difference of two solutions u® and 
ul): One of the solutions becomes the “background” and, hence, loses a derivative. One way to recover 
the continuous dependence stated above is to compare the above two solutions with initial data ul), uP 
and forcing terms f“), fC) to approximate solutions u(-*, wu?) with mollified initial data ule ue 
and mollified forcing terms f()-*, fOe. One then estimates |u® — uP || < |Ju) — uw-©|) + ute — 
uE] + uE —u) ||. The approximate solutions, which are more regular, are allowed to lose derivatives 
in a controlled way. 


CHAPTER 2 
General strategy: background field and self-similar coordinates 


In this chapter, we give a detailed outline of the proof of Theorem 1.0.1. The last section 
contains a dependency tree which schematizes how the argument is subdivided into several 
intermediate statements, and which is supposed to help the reader navigate the different 
parts of this book. The chapter begins by describing the structure of the initial velocity 
field and the external body force. We then state Theorem 2.2.1, a more precise version 
of Theorem 1.0.1, whose proof is broken into two main parts. The first part is devoted 
to constructing a linearly unstable vortex, see Theorem 2.4.2 for the precise statement. 
The second part deals with the construction of nonlinear unstable trajectories, and it is 
outlined in Section 2.5. 


2.1. The initial velocity and the force 


First of all, the initial velocity vp of Theorem 1.0.1 will have the following structure 


he ta -aele ifa=a 02.1) 


where 0 < a < @ < 1, x is a smooth cut-off function, compactly supported in R and 
identically 1 on the interval [—1, 1], and £ is a sufficiently large constant (whose choice will 
depend on qa). For simplicity we will assume that y takes values in [0, 1] and it is monotone 
non-increasing on {0,00|, even though none of these conditions play a significant role. 

A direct computation gives div vp = 0. The corresponding wo is then given by 


—a 2— —1,/ l—a if & = 
sale) emala [Plex e-a tasa yy 
0 ifa>a 
and the relation vo = Kə * wo comes from standard Calderén-Zygmund theory (since 


div vo = 0, curl vp = wo and vo is compactly supported). @ €]0, 1[ is chosen depending on p 

in Theorem 1.0.1, so that &p < 2: in the rest of the notes we assume that p, @, and a are 

fixed. In particular it follows from the definition that wọ € LIN L? and that vp € LIN L. 
Next, the function |z|% will be appropriately smoothed to a (radial) function 


Q(x) = g(|21) (2.3) 
15 
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such that: 
g € C™((0, R]) YR>0, (2.4) 
g(r) =r“ forr>2, — (2.5) 
g(r) = g(0) + 2y for r in a neighborhood of 0. (2.6) 


This smoothing will be carefully chosen so as to achieve some particular properties, whose 
proof will take a good portion of the notes (we remark however that while a sufficient 
degree of smoothness and the decay (2.5) play an important role, the condition (2.6) is 
just technical and its role is to simplify some arguments). We next define the function 
V(x) as 
Viz) = C(lal)a~, (2.7) 
where ¢ is 
cin) = [Posto an. (2.8) 
REMARK 2.1.1. Observe that under our assumptions 2 € L4(R?) for every q > 2, but 
it does not belong to any L4(R?) with q < 2, Since when p > 2 the condition ap < 2 
implies @ < 1, we cannot appeal to Young’s Theorem as in Remark 1.0.5 to define Ko * Q. 
Nonetheless, V can be understood as a natural definition of Ky * Q for radial distribu- 
tions of vorticity which are in Lj... Indeed observe first that div V = 0 and curl V = Q, and 
notice also that V would decay at infinity like |a|~1 if Q were compactly supported. This 
shows that V would indeed coincide with Ky *Q for compactly supported radial vorticities. 
Since we can approximate Q with Qy := (18,,, passing into the limit in the corresponding 
formulas for Kə x Qy we would achieve V. 
Note also that in the remaining computations what really matters are the identities 
div V = 0 and curl V = 2 and so regarding V as Kə * 2 only simplifies our terminology 
and notation. 


The force f will then be defined in such a way that w, the curl of the velocity 
öle, t) = pty (Fz) xel), (2.9) 
is a solution of (1.1). In particular, since (© - V)w = 0, the force f is given by the explicit 
formula 
Fie t) = CG t). (2.10) 
With this choice a simple computation, left to the reader, shows that @ solves (1.1) with 
initial data wo. Note in passing that, although as pointed out in Remark 2.1.1 there is not 
enough summability to make sense of the identity K2*Q = V by using standard Lebesgue 
integration, the relation Kə * Ww = Uv is made obvious by divv = 0, curlt = w, and the 
boundedness of the supports of both w and v. 
The pair (©, ù) is one of the solutions claimed to exist in Theorem 1.0.1. The remain- 
ing ones will be described as a one-parameter family (ws, U) for a nonzero choice of the 
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parameter £, while (©, ©) will correspond to the choice € = 0. We will however stick to the 
notation (©, ŭ) to avoid confusions with the initial data. 
It remains to check that f belongs to the functional spaces claimed in Theorem 1.0.1. 


LEMMA 2.1.2. © is a smooth function on {t > 0} which satisfies, for allt > 0 and 
xz € R’, 


x |z| 


Bayt) = PO z lle) + 8% (Fe J l(a, (211) 


while the external force f and 0,0 = Kax f belong, respectively, to the spaces L!([0, T]; L! N 
Le) and L! ([0, T], L?) for every positive T. 
Likewise © € L®([0, T], L! A LP) and ò € L”([0, T], L’). 


We end the section with a proof of the lemma, while we resume our explanation of the 
overall approach to Theorem 1.0.1 in the next section. 


PROOF. The formula (2.11) is a simple computation. From it we also conclude that 
© = curl ŭ is a smooth function on {t > 0} and hence differentiable in all variables. Observe 
next that |V (x)| < C|x|! 7 and we can thus estimate |o(x,t)| < Cte—"|z|!-%. Since its 
spatial support is contained in spt (x), we conclude that « is bounded and belongs to 
L®([0, T], L?) for any T > 0. 

Using that Q(x) = |x| = g(|z|) for |x| > 2, we write 


” — |z| 2—1] 1a 
(x,t) a (a xX(læ|) Lisica} + 8ta z| xX(le|) Liesa} 


se (Fim | eeh: 


In particular, recalling that |Q(x)| < C|æ|7® and ¢(|z])|a| < C|x|!177 we easily see that 


lota se f 


{|z|eEspt (x)} 


talg? d+c | ta-le? de, (2.12) 


{lz|Espt (x’)} 


TOEI -DP jeja di 
{|z|Espt (x)} 


+e f ta -1)P gPa dy., (2.13) 
{lelespt (x)} 


This implies immediately that & € L®([0, T], L! N L”) for any T > 0 , given that ap < 2 
(and hence |2|~°? is locally integrable). 
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We now differentiate in time in the open regions {|z| < 2¢/*} and {|x| > 21/9} 
separately to achieve 


-a {|z 1 aja |x| 
fest) =- 0 (a (EE) + eela GEE) ) xDe 


Q a_ Ta 
+B (Ž - 1) lexe) Leza 


- 6 (0% (EE) + Seog (EE) ial) exen 
=:fi(a,t) + fo(a,t)+fs(z,t) . (2.14) 


Since we will only estimate integral norms of f, its values on {|x| = 2¢'/°} are of no 
importance. However, given that f is in fact smooth over the whole domain {t > 0}, we can 
infer the validity of the formula (2.14) for every point x € {|x| = 2t'/°} by approximating 
it with a sequence of points in {|x| < 2t!/°} and passing to the limit in the corresponding 
expressions. 

We wish to prove that f € L!([0,T], L! N LP). On the other hand, since for any 
To > 0 both fı + f2 and fz are smooth and have compact support on R? x [To, T], it 
suffices to show that f € L!([0, To], Lt N LP) for a sufficiently small Tọ. Recalling that 
lg(\x|)| + |g’(2|)||a] < Cla|~*, we can then bound 


filz, t)| < Cts e for all 0 < t < To and all z. (2.15) 
Thus 
To 
fillz: @e2x (0,7) < cf (re dt ,< co (2.16) 
0 
To 
ll fi ||22((0,7);22(R2)) < cf Prien)? dt < œœ, (2.17) 
0 


where the condition 2 > ap entered precisely in the finiteness of the latter integral. Coming 
to the second term, we observe that it vanishes when @ = a. When a < &, since x is 
compactly supported in R, we get 


To a 1 a 
Il fellzxqeexo,ro) < cf te2(14+te?-%)dt < +00 
0 


T f 
|| f2llz1q0,Ta];1r R2) < f ta? (1 + ta?) Pde < +00. 
0 


The last term can be computed explicitly as 


Ce oe aa = 
cir) = 5 p @de=ar? + br? for all r > 2, 
r r 2 


where a and b are two fixed constants. Likewise 
C (r) = —2ar™° — abr * for all r > 2. 
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Recall that y‘(|a]) = 0 for |x| < 1. Therefore, for t < To sufficiently small, the functions Ç 
and ¢’ are computed on |x|t~!/* > 2 in the formula for fs (cf. (2.14)). Thus, 


2 XN a 4 
f(z, t) = -p° ((1- = até lal! + o(1 — Ž)t le- )x (al) 
a a 
In particular f3 has compact support. Since a < 1 the function 
2 
—pt*(1 - Z) at lex (lel), 
a 


is bounded, and thus belongs to L+([0, To], L'NL”). As for the second summand, it vanishes 
if a = a, while its L? norm at time t can be bounded by Ct-?+« if @ > a. The latter 
function however belongs to L'({0, To]). 

Observe next that, since for every positive t the function f(-,t) is smooth and compactly 
supported, Kə * f(-,t) is the unique divergence-free vector field which belongs to Lt and 
such that its curl gives f(-,t). Hence, since f(-,t) = curl 0,0(-,t) and 0,0(-,t) is smooth 
and compactly supported, we necessarily have Kə * f(-,t) = 0,0(-,t). It remains to show 
that 0,0 € L'({0, T]; L?) for every positive T. To that end we compute 

x |x| 


alat) = BMY (Fe) xlleD = Be (Se) exe 


aet) = ~-*x(leha* (c (a) rie (HD) 


In order to compute the L? norm of 0,0(-,¢) we break the space into two regions as in the 
computations above. In the region {|x| < 2¢'/°} we use that |C] + |g] + |C] are bounded to 
compute 


/ |0,5(x, t)|? dx < or | |x|? dx < Ctt/e4 | 
|2|<2¢1/o 


|x| <tt/o 


which is a bounded function on [0,1]. On {|x| > t!/“} we observe that the function can be 
explicitly computed as 


-prylar (a(4— eeej +0(1-2)e8 |). 


If we let R > 0 be such that the support of x is contained in Bp, we use polar coordinates 
to estimate 


R dp a 
f laamas ores [2s Ola- aire. 
|a|>2t1/o Qt1/a P 
We can therefore estimate the L? norm of 0,0 at time t by 
lö, t)llz2 < C + Cla— alte. 


When a = a we conclude that the L? norm of 0,0 is bounded, while for & > a the function 
t+ te? belongs to L1((0,7)). 
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2.2. The infinitely many solutions 
We next give a more precise statement leading to Theorem 1.0.1 as a corollary. 


THEOREM 2.2.1. Let p €]2,00[ be given and let a and @ be any positive number such 
that a < @ and ap < 2. For an appropriate choice of the smooth function Q and of a 
positive constant 6 as in the previous section, we can find, additionally: 

(a) a suitable nonzero function n € (L! N H?)(R?;C) with Ky * n € L?(R?;C?), 
(b) a real number bọ and a positive number ao > 0, 


with the following property. 
Consider wo, vo, Ù, © = curl ò, and f as defined in (2.1),(2.2), (2.9), and (2.10). Then 
for every € E R there is a solution we of (1.1) with initial data wo such that 
(i) we € L™([0,T], Lt A L’) for every T > 0; 
(ii) ve = Kə * we € L®”([0, T], L?) for every T > 0; 
(iii) ast +0, 


lle, t) — D(t) — et? Re(tn(é-/*-)) || rama) = oftete); (2.18) 


(iv) if bo = 0, then n is real-valued. 
Observe that, by a simple computation, 
le? R(n) re = t0] Role) a2 
and thus it follows from (2.18) that 


lim sup t!" |we(-, t) — wel t)llz2 > le — E| max || Re(en) li (2.19) 
t40 0€ [0,271] 


(note that in the last conclusion we need (iv) if bo = 0). Since ||n]|z2 > 0, we conclude that 
the solutions w, described in Theorem 2.2.1 must be all distinct. 

For each fixed €, the solution w, will be achieved as a limit of a suitable sequence 
of approximations we, in the following way. After fixing a sequence of positive times ty 
converging to 0, which for convenience are chosen to be tg := e~", we solve the following 
Cauchy problem for the Euler equations in vorticity formulation 


O1We,k + ((Kə * Wek) : V wek — f 
! (2.20) 
welt tr) = OC, ta) + etg Re(tn(ty /-)). 


Observe that, since t, is positive, the initial data w.,(-,t,) belongs to Lt N L®, while the 
initial velocity defining vk, := Kə * wekl, tk) belongs to L?. 

Since Kə* f € L!([0, T], L?) for every T, we can apply the classical theorem of Yudovich 
(namely, Theorem 1.0.3 and Remark 1.0.4) to conclude that 


COROLLARY 2.2.2. For every k, €, and every T there exists a unique solution wep of 
(2.20) with the property that wep € L® ([tk, T], LOL”) and vep € L” (|tk, T], L?) for every 
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positive T. Moreover, we have the following bounds for every t 


Ieee Ella Slleee(s be) Ice +f IFC s)llz ds (2.21) 
lwert Dll < wenste) ioe + f IFC; 8)llze ds (2.22) 
Vea, t)llz2 <llve eC, te) Il 2 +f | * f(-, 8)|[z2 ds. (2.23) 


Next, observe that we can easily bound ||w.(-, tx) ||z1, wekl te) || ze, and ||ven(-, te) Il 2 
independently of k, for each fixed e. We then conclude (for € fixed) 
sup sup (wert [lor + Meals tlle + [lvee(-s t)llz2) < 00. (2.24) 
keN te [ty T] 
In turn we can use (2.24) to conclude that, for each fixed £, a subsequence of ws x converges 
to a solution ws of (1.1) which satisfies the conclusions (i) and (ii) of Theorem 2.2.1. 


PROPOSITION 2.2.3. Assume p, Q, Q, wo, Vo, ©, Ù, f, ao, bo, and 7 are as in Theorem 2.2.1 
and let wey, be as in Corollary 2.2.2. Then, for every fixed £, there is a subsequence, not 
relabeled, with the property that we converges (uniformly in C((0,T], L4,) for every positive 
T and every1 < q < p, where L4, denotes the space LI endowed with the weak topology) to 
a solution we of (1.1) on [0, co| with initial data wo and satisfying the bounds (i) and (ii) 
of Theorem 2.2.1. 


The proof uses classical convergence theorems and we give it in the appendix for the 
reader’s convenience. The real difficulty in the proof of Theorem 2.2.1 is to ensure that the 
bound (iii) holds. This is reduced to the derivation of suitable estimates on w-,, which we 
detail in the following statement. 


THEOREM 2.2.4. Assume p,a,@ are as in Theorem 2.2.1 and fixe > 0. For an ap- 
propriate choice of Q and 6 there is a triple n, ao, and bo as in Theorem 2.2.1 and three 
positive constants To, ôo, and C with the property that 


\lwea(-,t) — OC, t) — et 1 Re (¢°n(t-/-)) | po < Certo Yt © fte, To]. (2.25) 


It is then obvious that the final conclusion (iii) of Theorem 2.2.1 is a consequence of the 
more precise estimate (2.25) on the approximations we. The rest of these lecture notes 
are thus devoted to the proof of Theorem 2.2.4 and we will start in the next section by 
breaking it into two main parts. 


2.3. Logarithmic time scale and main Ansatz 


First of all, we will change variables and unknowns of the Euler equations (in vorticity 
formulation) in a way which will be convenient for many computations. Given a solution w 
of (1.1) on R? x |To, Ti] with 0 < To < Ti, we introduce a new function 2 on R? x [In To, In T;] 
with the following transformation. We set r = Int, € = zte and 


Vey) = ew(e™/E, e”), (2.26) 
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which in turn results in 
w(x, t) = t1O(t-/%2, nt). (2.27) 
Observe that, if v(t) = Ko x w(t) and V(-,7) = Kə * Q(-,7), we can derive similar 
transformation rules for the velocities as 
V(E,7) = eye e7), (2.28) 
v(x, t) = Hey (tgr, Int). (2.29) 


Likewise, we have an analogous transformation rule for the force f, which results in 


Perse" Ne se"). (2.30) 
fle, t) =t?F(t-Va, Int). (2.31) 


In order to improve the readability of our arguments, throughout the rest of the notes we 
will use the overall convention that, given some object related to the Euler equations in 
the “original system of coordinates”, the corresponding object after applying the transfor- 
mations above will be denoted with the same letter in capital case. 


REMARK 2.3.1. Note that the naming of V and Q is somewhat of an exception to this 
convention, since (Q, V) is a solution of (1.1) in Eulerian variables. However, if you “force 
them to be functions of €,” which is how they will be used in the non-linear part, then 
they solve the Euler equations in self-similar variables with forcing (see (2.33)). 


Straightforward computations allow then to pass from (1.1) to an equation for the new 
unknown Q in the new coordinates. More precisely, we have the following 


LEMMA 2.3.2. Let p > 2 andoo > Tı > Ty > 0. Then w € L®(|To,Ti[; L! A LP) and 
v(-,t) = Ka *w(-,t) satisfy 


Ow+(u-Viw=f, (2.32) 
if and only if Q and V(.,t) = Kz * Q(-,t) satisfy 
£ = 
3N- (1+2: V)2+ V: VR =F. (2.33) 


We next observe that, due to the structural assumptions on w and v, the corresponding 
fields Q and V can be expressed in the following way: 


V (E, T) = BV (E xle EN, (2.34) 
E, T) = BA(E)x(e7/ El) + BEIEN (e Eee. (2.35) 


Observe that, for every fixed compact set K there is a sufficiently negative -T (K) with 
the property that 


e y(e7/“|- |) = 1 and x'(e™/%-) = 0 on K whenever T < —T(K). 


2.4. LINEAR THEORY 23 


Since in order to prove Theorem 1.0.1 we are in fact interested in very small times ¢, which 
in turn correspond to very negative 7, it is natural to consider Q and V as perturbations 
of BQ and BV. We will therefore introduce the notation 


Q = BO4+9,., (2.36) 
V = BV +V,:= BV + Ky *Q,. (2.37) 

We are thus lead to the following Ansatz for Q.,(€,7) = eTwe (e7/E, €7): 
Qel, 7) = BCE) + 0,(E, 7) + ce™™Re (e'7(E)) + perel 7) - (2.38) 


The careful reader will notice that indeed the function Qper, depends upon the parameter 
€ as well, but since such dependence will not really play a significant role in our discussion, 
in order to keep our notation simple, we will always omit it. 

We are next ready to complete our Ansatz by prescribing one fundamental property of 
the function 7. We first introduce the integro-differential operator 


i) = (1 + : . v)o — BV -V)Q— B((Ke *Q)- V)Q. (2.39) 


We will then prescribe that 7 is an eigenfunction of L,, with eigenvalue z = ao + tbo, 
namely, 

Lss(n) = zon. (2.40) 
Observe in particular that, since L,, is a real operator (i.e. L,,(7) is real-valued when 7 
is real-valued, cf. Section 3.1), the complex conjugate 7 is an eigenfunction of Lss with 
eigenvalue 2, so that, in particular, the function 


š E =T 
Ohin(E, 7) := ee" Re (e™7n(E)) = z (e®7n(E) + €”7H(E)) (2.41) 
satisfies the linear evolution equation 
O-Quin —_ Les (Qin) = 0 . (2.42) 


The relevance of our choice will become clear from the discussion of Section 2.5. The point 
is that (2.42) is close to the linearization of Euler (in the new system of coordinates) around 
Q. The “true linearization” would be given by (2.42) if we were to substitute and V in 
(2.39) with Q and V. Since however the pair (0,V) is well approximated by (Q,V) for 
very negative times, we will show that (2.42) drives indeed the evolution of Qs% —Q up to 
an error term (i.e. Qper,x) Which is smaller than Qin. 


2.4. Linear theory 


We will look for the eigenfunction 7 in a particular subspace of L?. More precisely for 
every m € N \ {0} we denote by L2, the set of those elements V € L?(R?,C) which are 
m-fold symmetric, i.e., denoting by Rọ: R? > R? the counterclockwise rotation of angle 8 
around the origin, they satisfy the condition 


V = V o Ronm. 
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In particular, L2, is a closed subspace of L?(R?, C). Note however that the term “m- 
fold symmetric” is somewhat misleading when m = 1: in that case the transformation 
Rog/m = Rog is the identity and in particular L? = L?(R?,C). Indeed we will look for 77 in 
L? for a sufficiently large m > 2. 

An important technical detail is that, while the operator L? N Z 3 w œ Ky *w E€ SH 
cannot be extended continuously to the whole L? (cf. Remark B.4.1), for m > 2 it can be 
extended to a continuous operator from L?, into 2’: this is the content of the following 
lemma. 


LEMMA 2.4.1. For every m > 2 there is a unique continuous operator T: L?, + Z 
with the following properties: 
(a) If0 € S, then T(V) = Ko *V (in the sense of distributions); 
(b) There is C > 0 such that for every 0 € L?,, there is v = v(0) € WE? with 
(b1) R |lvl|r2(Bp) + |Dv||2(Bp) < Cll) || z2 for all R > 0; 
(b2) divv = 0 and (T (0), y) = f v- p for every test function p E€ F. 


From now on the operator T will still be denoted by Ay* and the function v will 
be denoted by Ky * w. Observe also that, if Ê is an L?,, function such that ||Ol|r2(z,) 


loc 
grows polynomially in R, the integration of a Schwartz function times vÊ is a well defined 
tempered distribution. In the rest of the notes, any time that we write a product Q.K>*0 for 
an element 9 € LŽ, and an LŽ, function Ê we will always implicitly assume that ||Q|| L?(Br) 
grows at most pol yaétially in R and that the product is understoood as a well-defined 
element of .Y’. The relevance of this discussion is that, for m > 2, we can now consider 


the operator Lss as a closed, densely defined unbounded operator on L?,. We let 
Ls(9) = (1 — 2) Q— div (( — £ + BV)Q) — BK *2-V)O (2.43) 


and its domain is 
DmlLs) = {0 € Te : LQ) € L? =a (2.44) 


When 2 € X it can be readily checked that Lss as defined in (2.43) coincides with (2.39). 

The definition makes obvious that Lss is a closed and densely defined unbounded op- 
erator over L?,. We will later show that Q > (Kə * Q- V)Q. is in fact a compact operator 
from L?, into L?, and therefore we have 


Din(Lss) = {Q € L3: div(BVQ — £Q) € L3}. (2.45) 


From now on, having fixed m > 2 and regarding Ls as an unbounded, closed, and densely 
defined operator in the sense given above, the spectrum spec, (Lss) on L2, is defined as 
the (closed) set which is the complement of the resolvent set of Lss, the latter being the 
(open) set of z € C such that Lss — zo has a bounded inverse (Lss — 20)~': L2, > L2,. (The 
textbook definition would require the inverse to take values in D,,(L;); note however that 
this is a consequence of our very definition of Dm(Lss).) 

The choice of 7 will then be defined by the following theorem which summarizes a quite 
delicate spectral analysis. 
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THEOREM 2.4.2. For an appropriate choice of Q there is an integer m > 2 with the 
following property. For every positive a > 0, if B is chosen appropriately large, then there 
is n E€ LŽ \ {0} and zo = ao + ibo such that: 

(i) ao > @ and L,,(n) = zon; 
(ii) For any z € spec,, (Lss) we have Rez < ao; 
(iii) If bo = 0, then n is real valued; 
(iv) There is k > 1 integer and e : R* > C such that n(x) = e(r)e*™® if bo # 0 and 
n(x) = Re (e(r)e™™®) if bo = 0; 
(v) n€ 110 R? and Ko * n € L? 


In fact we will prove some more properties of 7, namely, suitable regularity and decay 
at infinity, but these are effects of the eigenvalue equation and will be addressed later. 

The proof of Theorem 2.4.2 will be split in two chapters. In the first one we regard 
Ls as perturbation of a simpler operator Ls, which is obtained from Lss by ignoring the 
(1+ £ - V) part: the intuition behind neglecting this term is that the remaining part of 
the operator Lss is multiplied by the constant 8, which will be chosen appropriately large. 
The second chapter will be dedicated to proving a theorem analogous to Theorem 2.4.2 for 
the operator Lẹ. The analysis will heavily take advantage of an appropriate splitting of 
L? as a direct sum of invariant subspaces of Ls. The latter are obtained by expanding in 
Fourier series the trace of any element of L2, on the unit circle. In each of these invariant 
subspaces the spectrum of Ls can be related to the spectrum of a suitable second order 
differential operator in a single real variable. 


2.5. Nonlinear theory 


The linear theory will then be used to show Theorem 2.2.4. In fact, given the decom- 
position introduced in (2.38), we can now formulate a yet more precise statement from 
which we conclude Theorem 2.2.4 as a corollary. 


THEOREM 2.5.1. Let p, a, and @ be as in Theorem 2.2.1 and assume ā is sufficiently 
large. Let Q, n, ao, and bo be as in Theorem 2.4.2 and for every e € R, k € N consider 
the solutions wep of (2.20) and Q.p(E,7) = ewe ple E, e7). If we define Qper,~ through 
(2.38), then there are To = To(E) and do > 0, independent of k, such that 


[ek T)||z2 < e7 (20+80) YT < TO - (2.46) 


(2.25) is a simple consequence of (2.46) after translating it back to the original coordi- 
nates. In order to give a feeling for why (2.46) holds we will detail the equation that Qper,k 
satisfies. First of all subtracting the equation satisfied by 2 from the one satisfied by Qe % 
we achieve 


O-Ohin + Or Nper,k = (1 + £ ` V) Quin z (1 + & ` V) Oper, 
+(V : V) in + Viin : vů + (V . VO beck + (Viewer : V)Q + (Vin z gece 
+(Vper,k : V)Qhin F (Viin i V)Qiin F (Verk s V)Qper,k = 0, 
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where we have used the convention V = Ky * Q, Voer,e = Ke * Oper,z, and Vin = Ke * Qin. 
Next recall that Q = BQ + Q, and recall also the definition of Lss in (2.39) and the fact 
that -Qin — Les(Qin) = 0. In particular formally we reach 


(0, ==, dig Omens + (Vin + Ve) i V ) Ober -+ (Vok . V)(Qhin + Q.) 


F (Vietk z VO pene = — (Vin ` V)Qin = (V, ` V)Qin = (Viin : V)Q, , (2.47) 
which must be supplemented with the initial condition 
ean —k) = 0 š 


In fact, in order to justify (2.47) we need to show that Qperz(-,7) € LŽ, for every 7, which 
is the content of the following elementary lemma. 


LEMMA 2.5.2. The function Qyerg(-,7) belongs to L?, for every T. 


PROOF. It suffices to prove that ws (+, t) is m-fold symmetric, since the transformation 
rule then implies that Q.,%(-,7) is m-fold symmetric and Oper,4(-,7) is obtained from the 
latter by subtracting e7Re(e77) + Q(-,7), which is also m-fold symmetric. In order to 
show that we, is m-fold symmetric just consider that we,,(Ror/m(-),7) solves (2.20) because 
both the forcing term and the initial data are invariant under a rotation of 24 (and the Euler 
equations are rotationally invariant). Then the uniqueness part of Yudovich’s statement 
implies wez(-,t) = we,k(Ror/m(), t). 


We proceed with our discussion and observe that Vin + V, and Qyn + Q, are both 
“small” in appropriate sense for sufficiently negative times, while, because of the initial 
condition being 0 at —k, for some time after —k we expect that the quadratic nonlinearity 
(Voer,k © V)Qper,z Will not contribute much to the growth of OQper,4(-, T). Schematically, we 
can break (2.47) as 


(0, = Dogs) nce + (Vin + V,) . V)Êper,k + (Veesk : V)(Qhin + Q) 
s aiana 


small linear terms 


+ (Verk 5 V) ÊQ per,k _ — (Vin 5 V) Qin = (V; a V )OQin = (Vin š V)Q, P (2.48) 
Â a 
quadratic term forcing term 7 


In particular we can hope that the growth of OQpex(-,7) is comparable to that of the solution 
of the following “forced” linear problem 


(0, —Lg)Q= F. (2.49) 


Observe that we know that Qin(-,7) and Vin(-,7) decay like e%°7. We can then expect to 
gain a slightly faster exponential decay for F (-, T) because of the smallness of V, and Q. 
On the other hand from Theorem 2.4.2 we expect that the semigroup generated by Lss 
enjoys growth estimates of type e%°7 on L?, (this will be rigorously justified using classical 
results in the theory of strongly continuous semigroups). We then wish to show, using 
the Duhamel’s formula for the semigroup e7“, that the growth of Oper, is bounded by 
e%7(e%7 — e~%k) for some positive Ôo for some time 7 after the initial —k: the crucial 
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point will be to show that the latter bound is valid for T up until a “universal” time Tọ, 
independent of k. 

Even though intuitively sound, this approach will require several delicate arguments, 
explained in the final chapter of the notes. In particular: 

e we will need to show that the quadratic term (Vper,4 > V)OQper,k is small up to some 
time Tọ independent of k, in spite of the fact that there is a “loss of derivative” 
in it (and thus we cannot directly close an implicit Gronwall argument using the 
Duhamel formula and the semigroup estimate for Lss); 

e The terms Q, and V, are not really negligible in absolute terms, but rather, for 
very negative times, they are supported in a region in space which goes towards 
spatial oo. 

The first issue will be solved by closing the estimates in a space of more regular functions, 
which contains L? and embeds in L® (in fact L? n W14): the bound on the growth of the 
L? norm will be achieved through the semigroup estimate for L,, via Duhamel, while the 
bound of the first derivative will be achieved through an energy estimate, which will profit 
from the L? one. The second point by restricting further the functional space in which we 
will close to estimates for Qper,.. We will require an appropriate decay of the derivative 
of the solutions, more precisely we will require that the latter belong to L?(|z|? dx). Of 
course in order to use this strategy we will need to show that the initial perturbation 7 
belongs to the correct space of functions. 
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2.6. 


ROUND FIELD AND SELF-SIMILAR COORDINATES 


Dependency tree 


The following tree schematizes the various intermediate statetements that lead to the 


main result of this text, Theorem 1 


.0.1. The dashed lines signify improvements of the 


intermediate statements which are not needed to obtain Theorem 1.0.1. We have included 
them because they deliver interesting additional information and because they are the 


original statements of Vishik, see [39 


Main 


, 40, 41]. 
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CHAPTER 3 
Linear theory: Part I 


In this chapter, we will reduce Theorem 2.4.2 to an analogous spectral result for another 
differential operator, and we will also show an important corollary of Theorem 2.4.2 con- 
cerning the semigroup that it generates. We start by giving the two relevant statements, 
but we will need first to introduce some notation and terminology. 

First of all, in the rest of the chapter we will always assume that the positive integer m 
is at least 2. We then introduce a new (closed and densely defined) operator on L?,, which 
we will denote by Ls. The operator is defined by 


Lg (Q) = —div (VQ) — (Ke *2-V)Q (3.1) 


and (recalling that the operator Q +> (Kə *Q-V)Q is bounded and compact, as will be 
shown below) its domain in L?, is given by 


Delle) = {Q € Le, : div (VQ) € L’}. (3.2) 
The key underlying idea behind the introduction of Lst is that we can write Lss as 
Lss = (1+ £- V) + bLs 


and since 8 will be chosen very large, we will basically study the spectrum of Lss as a 
perturbation of the spectrum of Ls. In particular Theorem 2.4.2 will be derived from a 
more precise spectral analysis of Ls. Before coming to it, we split the space L2, into an 
appropriate infinite sum of closed orthogonal subspaces. 

First of all, if we fix an element V € L?(R?) and we introduce the polar coordinates 
(0,r) through x = r(cos0,sin 0), we can then use the Fourier expansion to write 


Ha) = X alr) (3.3) 


keZ 


where 
1 


On 


20 
l V(r cos(0), r sin(O))e~**? dé. 
0 


aglr) : 
By Plancherel’s formula, 


ll? llZ2q2) = my larllZ2@+ rar): 
keZ 
In particular it will be convenient to introduce the subspaces 
Up :={f(rje: f € L(R*,rdr)}. (3.4) 
29 
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Each Uj, is a closed subspace of L?, distinct U;,’s are orthogonal to each other and moreover 


I = P Uin: (3.5) 
keZ 
Each U,,, is an invariant space of La, and it can be easily checked that Umg C Din(Lst) 
and that indeed the restriction of Ls to Umg is a bounded operator. Following the same 
convention as for Lss we will denote by spec, (Ls) the spectrum of Ly, on L2. 


THEOREM 3.0.1. For every m > 2 and every Q we have 


(a) each zi E€ spec,, (Let) N {z : Rez # 0} belongs to the discrete spectrum and if 
Im (zi) = 0, then there is a nontrivial real eigenfunction relative to zi. 


Moreover, for an appropriate choice of Q there is an integer m > 2 such that: 
(b) spec,, (Ls) N {2 : Rez > 0} is nonempty. 


REMARK 3.0.2. The theorem stated above contains the minimal amount of information 
that we need to complete the proof of Theorem 2.2.1. We can however infer some additional 
conclusions with more work. To this end, we recall that in the case of an isolated point z 
in the spectrum of a closed, densely defined operator A, the Riesz projector is defined as 


1 
— | (w— A) dw 
2Ti Jy 
for any simple closed rectifiable contour y bounding a closed disk D with D N spec (A) = 
{z}. For an element of the discrete spectrum the Riesz projector has finite rank (the 
algebraic multiplicity of the eigenvalue z). 


In the framework of Theorem 2.2.1, we can show that 


(c) m can be chosen so that, in addition to (b), spec, (Lst) O {z : Rez > 0} is finite 
and the image of the Riesz projector P, of Ls relative to each z € spec, (Lst)N{z : 
Rez > 0} is contained in Um U U_m. 


Since this property is not needed to prove Theorem 2.2.1 we defer its proof to Appendix A. 
In [40] Vishik claims the following greatly improved statement. 


THEOREM 3.0.3. For a suitable Q: 


(c’) m can be chosen so that, in addition to (b) and (c), spec,, (Ls)N{z: Rez > 0}OU 
consists of a single element, with algebraic multiplicity 1 in Um. 


Since the spectrum of Lẹ is invariant under complex conjugation (b), (c), and (c’) 
imply that spec,, (Lst) O {Rez > 0} consists either of a single real eigenvalue or of two 
complex conjugate eigenvalues. In the first case, the algebraic and geometric multiplicity 
of the eigenvalue is 2 and the space of eigenfunctions has a basis consisting of an element of 
Um and its complex conjugate in U_,,. In the second case the two eigenvalues z and Z have 
algebraic multiplicity 1 and their eigenspaces are generated, respectively, by an element of 
Um and its complex conjugate in U-m. The argument given in [40] for (c’) is however not 
complete. Vishik provided later ([41]) a way to close the gap. In Appendix A we will give 
a proof of Theorem 3.0.3 along his lines. 
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In this chapter we also derive an important consequence of Theorem 2.4.2 for the 
semigroup generated by Lss- 


THEOREM 3.0.4. For every m > 2, Lss is the generator of a strongly continuous semi- 
group on L2, which will be denoted by e™™=, and the growth bound w(Lss) of e™™* equals 


ao := sup{ Re zo : Zo E spec,,(Lss)} < 00 


if ag > 1— H, In other words, for every 6 > 0, there is a constant M (8) with the property 
that 
e N]| a < Me QI [2 Yr > 0, YQ € LŽ.. (3.6) 


3.1. Preliminaries 


In this section we start with some preliminaries which will take advantage of several 
structural properties of the operators Lss and Ly. First of all we decompose Lst as 


Le =S,+ 4%, (3.7) 
where 
S1(Q) := —div (VQ) 
KH (Q) = —(Ky *Q-V)Q. 
Hence we introduce the operator 
S9(Q) := div (( = av’) a) — (3.10) 


so that we can decompose Lss as 


1 
i= (1 = ~) Hi (3.11) 
a 
The domains of the various operators A involved are always understood as Dm(A) := {Q : 
A(Q) € L?}. 
Finally, we introduce the real Hilbert spaces LŽ (R) and U;(R) by setting 
L? (R) := {ReQ:Q € L2} (3.12) 
and, for j > 0 natural, 
U; (R) := {ReQ : Q € U;}. (3.13) 
Observe that while clearly LŽ (R) is a real subspace of L2,, U;(R) is a real subspace of 
Uj @ Us. 
As it is customary, L?,(R) and its real vector subspaces are endowed with the inner 
product 


(Q, E)r = [oe (3.14) 
while L?, and its complex vector subspaces are endowed with the Hermitation product 


(0,3)e= J (ReQRez+ 1m ims) +i | (mORe= — Re m3). (3.15) 
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We will omit the subscripts from (-,-) when the underlying field is clear from the con- 
text. The following proposition details the important structural properties of the various 
operators. A closed unbounded operator A on L2, will be called real if its restriction Ap 
to L2 (R) is a closed, densely defined operator with domain Dm(A) N L?,(R) such that 
A(Q) € L2 (R) for all Q € D(A) N L?,(R). 


PROPOSITION 3.1.1. (i) The operators X, Sı and So are all real operators. 

(ii) X is bounded and compact. More precisely there is a sequence of finite dimen- 
sional vector spaces V, C CY(R?, C) N L2, with the property that, if P, denotes 
the orthogonal projection onto Va, then 


lim |X = P,o #llo =0, (3.16) 
n—> o0 
where || - ||o denotes the operator norm. 


(iii) Sı and Sy are skew-adjoint. 
(iv) Dm(Lst) = Dm(S1) and Dy Leas) = Dm(S2)- 
(v) Urm is an invariant subspace of S1, S2, H, Lst, Lss. 
(vi) The restrictions of Sı and Lsa to each Upm are bounded operators. 


PROOF. The verification of (i), (iii), (iv), (v), and (vi) are all simple and left therefore to 
the reader. We thus come to (ii) and prove the compactness of the operator X. Recalling 
Lemma 2.4.1, for every Q € L2, we can write the tempered distribution #(Q) as 


HO) =VO-V (3.17) 
where V = V(Q) is a W$? function with the properties that 
R™"|V|lx2(8g) + IDV lzacoe) < CllQlln2 YR2 0. (3.18) 


Since |VO(E)| < Clé|-*! for |€| > 1, whenever R > 1 we can estimate 
AOIR >> EAO 


< CR? S 972(1+ā)j | Vics 


j=0 


(Byj+1p) 


< CR YPM N ROE < CRIA]. 


j=0 
This shows at the same time that 


e X is a bounded operator; 
e If we introduce the operators 


24 Hu (O) = H(O)1 By, (3.19) 
then || Ay = X |lo — 0. 
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Since the uniform limit of compact operators is a compact operator, it suffices to show that 
each “#y is a compact operator. This is however an obvious consequence of (3.18) and the 
compact embedding of Wt?(By) into L?(By). 

As for the remainder of the statement (ii), by the classical characterization of compact 
operators on a Hilbert space, for every € > 0 there is a finite-rank linear map Ly such 
that |X — Ly|lo < į. If we denote by Wy the image of Ly and by Qw the orthogonal 
projection onto it, given that Qy o Ly = Ly we can estimate 


E 
luo X — Xlo < [Qu 0 Æ — Qn o Lyllo + ||Ln — X llo < al|Lw — llo < 5- 


Fix next an orthonormal base {w1,..., wn} of Wy and, using the density of C2 (R°), 
approximate each element w; in the base with v; € CS°(R?,C). This can be done for 
instance convolving w; with a smooth radial kernel and multiplying by a suitable cut-off 
function. If the v;’s are taken sufficiently close to w;, the orthogonal projection Py onto 
Vy = span (v1,..., Uy) satisfies ||Qy — Pyllo < p7]o and thus 


IÆ —Pvo X lo < |2 -Qu 0 lot ||Pu -ulol llo <e. 


3.2. Proof of Theorem 3.0.4 and proof of Theorem 3.0.1(a) 


The above structural facts allow us to gain some important consequences as simple 
corollaries of classical results in spectral theory, which we gather in the next statement. 
Observe in particular that the statement (a) of Theorem 3.0.1 follows from it. 

In what follows we take the definition of essential spectrum of an operator as given in 
[13]. We caution the reader that other authors use different definitions; at any rate the 
main conclusion about the essential spectra of the operators Lss and Ls in Corollary 3.2.1 
below depends only upon the property that the essential and discrete spectra are disjoint 
(which is common to all the different definitions used in the literature). 


COROLLARY 3.2.1. The essential spectrum of La and the essential spectrum of Lss — 
(1 — +) are contained in the imaginary axis, while the remaining part of the spectrum 
is contained in the discrete spectrum. In particular, every z E€ spec,,(Lst) (resp. z € 
spec,,(Lss)) with nonzero real part (resp. real part different from 1 — 4 ) has the following 
properties. 
(i) z is isolated in spec,,(Lst) (resp. spec, (Lss)); 
(ii) There is at least one nontrivial Q such that Lal) = zQ (resp. Ls(Q) = 2Q) and 
if Im(z) =0, then Q can be chosen to be real-valued; 
(iti) The Riesz projection P, has finite rank; 
(iv) Im(Pz) = rezo} (Lm (Pz) Wim) and in particular the set Im(P.) Wim is empty 
for all but a finite number of k’s and it is nonempty for at least one k. 
Moreover, Theorem 8.0.4 holds. 
PROOF. The points (i)-(iii) are consequence of classical theory, but we present briefly 


their proofs referring to [23]. We also outline another approach based on the analytic 
Fredholm theorem. Observe that addition of a constant multiple c of the identity only 
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shifts the spectrum (and its properties) by the constant c. The statements for Lss are thus 
reduced to similar statements for Sp + OX. Next since the arguments for La = S4 + H 
only use the skew-adjointness of Sı and the compactness of “, they apply verbatim to 
S2 + BH. We thus only argue for Ly. First of all observe that, since Sı is skew-adjoint, 
its spectrum is contained in the imaginary axis. In particular, for every z with Rez 4 0 
the operator Sı — z is invertible and thus Fredholm with Fredholm index 0. Hence by [23, 
Theorem 5.26, Chapter IV], Ls — z = S; — z+ X is as well Fredholm and has index 0. 
By [23, Theorem 5.31, Chapter IV] there is a discrete set & C {z : Rez # 0} with the 
property that the dimension of the kernel (which equals that of the cokernel) of Lst — z is 
constant on the open sets {Rez > 0} \ £ and {Rez < 0} \ È. Since, for every z such that 
|Rez| > || #|lo, we know that Lst — z has a bounded inverse from the Neumann series, the 
kernel (and cokernel) of Lss — z equals {0} on {Rez # 0} \ £. From [23, Theorem 5.28, 
Chapter IV] it then follows that X is a subset of the discrete spectrum of Lss. Obviously 
the essential spectrum must be contained in the imaginary axis. 

An alernative approach is based on the analytic Fredholm theorem, see [33, Theorem 
7.92]. We apply such theorem to the family of compact operators on L?, defined by 


z > B(z) =(S8,-z) 10%, 


parametrized by z € {Rz > 0}. Observe that (S4 — z) is invertible if Rz > 0 and given by 
the formula 


(S$, -—z)'Q= | e “O(X,) ds, 
0 


where X, is the flow of the vector field V. Such formula also implies the existence of the 
complex derivative in z of the operator. The theorem guarantees that either (I — B(z))7! 
does not exist for any z € {Rz > 0}, or (I — B(z))~' exist for any z € {Rz > 0}, apart 
from a discrete set. The first case can be discarded in our situation because for z with 
large real part we know the operator is invertible. 

In order to show (iv), denote by Py the orthogonal projection onto Uz, and observe 
that, since Lst o Pe = Pk o Let, 


1 1 1 1 
P, o Pe = P; dw = — | P dw = P o P}. 3.20 
e mil wake? a z) e(z) j di ( ) 


Writing 


P=) PER (3.21) 
k 


and observing that the commutation (3.20) gives the orthogonality of the images of the 
P, o P,, since Im (P,) is finite dimensional, we conclude that the sum is finite, i.e. that 
P, o P; = 0 for all but finitely many k’s. Moreover, since P? = P, and P, equals the 
identity on Im (P,), we see immediately that Um N Im (P,) = Im (P, o Ph). 

We now come to the proof of Theorem 3.0.4. We have already shown that, if Re X is 
large enough, then A belongs to the resolvent of Lss, which shows that aọ < oo. Next, 


observe that Lss generates a strongly continuous group if and only if S> + 6.4% does. On 
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the other hand, using the skew-adjointness of S2, we conclude that, if Rez > 8|% llo, 
then z is in the resolvent of Sy + 64% and 


(So + BX — 2) 2 


-ij < . 
lo $ R= Bo 


Therefore we can apply [13, Corollary 3.6, Chapter II] to conclude that S2 + 8X generates 
a strongly continuous semigroup. Since the same argument applies to — S2 — BX , we 
actually conclude that indeed the operator generates a strongly continuous group. 

Next we invoke [13, Corollary 2.11, Chapter IV] that characterizes the growth bound 
wo(Lss) of the semigroup e'”* as 


wol Lss) = max{wWess( Lss), ao} , 
where wess is the essential growth bound of [13, Definition 2.9, Chapter IV]. By [13, 
Proposition 2.12, Chapter IV], wess(Lss) equals wess(1 — 4 + S2) and, since e7°? is a unitary 
operator, the growth bound of e(@-1/¢+2)7 equals 1 — E, from which we conclude that 
Wess(1 — = +$9)<1- E, In particular we infer that if ag > 1 — Ł, then wo(Lss) = ao. 


3.3. Proof of Theorem 2.4.2: preliminary lemmas 


In this and the next section we will derive Theorem 2.4.2 from Theorem 3.0.1. It is 
convenient to introduce the following operator: 


Lg := = (Ls — (1-+4)) = 45+ %. (3.22) 


In particular 
B q q 


Clearly the spectrum of Lss can be easily computed from the spectrum of Lg. The upshot 
of this section and the next section is that, as 86 — oo, the spectrum of Lg converges to 
that of Lss in a rather strong sense. 

In this section we state two preliminary lemmas. We will use extensively the notation 
Py for the orthogonal projection onto some closed subspace V of L2,. 


LEMMA 3.3.1. Let H = L?,,Ugm,U_zm, or any closed invariant subspace common to 
Lst and all the Lg. For every compact set K C C \ (iR U spec,,(Lst° Py)), there is Bo(K) 
such that K C C \ (iR U spec,,(Lg 0 Py)) for B > Bo(K). Moreover, 


sup sup ||(Lg0 Px —z)~'|lo < œ (3.24) 
B2Bo(K) zEK 


and (Lg o Py — z)~! converges strongly to (Lst°0 Py — z)~' for every z € K, namely, 
iim I|(Lg o Py — 2) 1 (w) — (Ls o Py — 2) *(w)|| =0 Yw e€ L}. (3.25) 
00 


LEMMA 3.3.2. For every £ > 0 there is a R= R(e) such that 
spec,,(Lg) N {2 : |z| > R,|Rez| > ec} =0 VG>1. (3.26) 
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PROOF OF LEMMA 3.3.1. The proof is analogous for all H and we will thus show it 
for H = L2. Fix first z such that Rez 4 0 and recalling that z — 67'S) is invertible, we 
write 


z—-Lg=(z—81S)(1—- (2-8 Sy) 10 #). (3.27) 


Step 1 The operators (8719, — z)~' enjoy the bound 
II(z — B-*S2)“* Ilo < |Rez|7' (3.28) 


because 87tS are skew-adjoint. We claim that (z — 8~1S,)~! converges strongly to (z — 
S,)~' for 8 > oo. For a family of operators with a uniform bound on the operator norm, 
it suffices to show strong convergence of (z — 6~1S2)~1w for a (strongly) dense subset. 

Without loss of generality we can assume Rez > 0. Recalling that 371.9, generates a 
strongly continuous unitary semigroup, we can use the formula 


(z = BS) (w) = f e767) (ay) dr. (3.29) 

0 
Next observe that ||e® To = 1. Moreover if w € Z, e® Tw is the solution of a 
transport equation with a locally bounded and smooth coefficient and initial data w. We 
can thus pass into the limit in 8 > oo and conclude that ef T ST ay) converges strongly in L? 
to e°'7w. We can thus use the dominated convergence theorem in (3.29) to conclude that 
(z — B-1S)~!(w) converges to (z — S,)~!(w) strongly in L?. Since Z is strongly dense, 
this concludes our proof. 


Step 2 We next show that (z — 8-1'Sy)-! o Æ converges in the operator norm to 
(z — Sı) to X. Indeed using Proposition 3.1.1 we can find a sequence of finite rank 
projections Py such that Py o X converges to X in operator norm. From Step 1 it 
suffices to show that (z — 6~1S))~to Py o & converges to (z — S,)~1o Py o X in operator 
norm for each N. But clearly (z — 871S2)~! o Py is a finite rank operator and for finite 
rank operators the norm convergence is equivalent to strong convergence. The latter has 
been proved in Step 1. 


Step 3 Fix z which is outside the spectrum of Lst. Because of Step 2 we conclude 
that 


(l—(z-8'S8,) o X) 3 (1-(z-S1) o K) 


in the operator norm. Observe that 1 — (z — S1)! o # is a compact perturbation of the 
identity. As such it is a Fredholm operator with index 0 and thus invertible if and only if 
its kernel is trivial. Its kernel is given by w which satisfy 


zw — Si(w) — X (w)=0, 


i.e. it is the kernel of z — (S1 + @) = z — Ls, which we have assumed to be trivial since z 
is not in the spectrum of Le. Thus (1 — (z — S1) t0 #) is invertible and hence, because of 
the operator convergence, so is (1 —(z—871S2)~'o.#) for any sufficiently large 8. Hence, 
by (3.27) so is z — Lg. 
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Step 4 The inverse (z — Lg)~' is given explicitly by the formula 
(z—Lg)* = (1 — (z — B'S) 10H) 1 (2-8 1S)". (3.30) 


Since 1 — (z — Sp)" o X converges to 1 — (z — S,)~! o Æ in the operator norm, their 
inverses converge as well in the operator norm. Since the composition of strongly convergent 
operators with norm convergent operators is strongly convergent, we conclude that (z — 
Lg)! converges strongly to the operator 


(l—(z-—S1)) 104) 1 (z-—S1) 4 = (z-La). 


Step 5 Choose now a compact set K C C \ (iR Uspec,,(Let)). Recall first that 
Kaze (z= sı)! 


is continuous in the operator norm. Thus K 3 z > (1—(z— S1) t0% ) is continuous in the 
operator norm. We have already proved in Step 3 that such operators converge, pointwise 
for z fixed, for 8 — +00, and one can prove with the same argument the continuity in 8 
for z fixed. 

We claim that K x [0,1] 3 (z, 8) = (1 — (z — 87t S2)7} o #) is also continuous in the 
operator norm and in order to show this we will prove the uniform continuity in z once we 
fix 6, with an estimate which is independent of 6. We first write 


(1 — (2 — BS) 0 K) — (1 — e =S) K)o 
<||(z — B*S2)* — (z — B*S2)“"JlollKllo- 
Hence we compute 
(z—B7*S2)~* — (2! — B*S2)? 
= (z — B82)" 0 ((z' — BS) — (2 — B7*S5)) 0 (7 — BTS) 
and use (3.28) to estimate 
I — B-*S2)~* — (2' — BS)" lo 
< |z = zI — B52)" oll’ — B*S2) "lo 
jz — 2'| 
< —___.. 
— |Re z||Re 2’| 
Since the space of invertible operators is open in the norm topology, this implies the 
existence of a Bo > 0 such that K x [89,00] 3 (2, 8) =œ (1 — (z — 871S:)71 o X)! is well 
defined and continuous. Thus, for 6 > 
betay we conclude that 1 — (z — 67-1S,)~' o Æ is invertible and the norm of its inverse is 
bounded by a constant C independent of 6 and z € K. By (3.30) and (3.28), we infer 


that in the same range of z and 8 the norm of the operators (z — Lg)~' enjoy a uniform 
bound. 


PROOF OF LEMMA 3.3.2. We show (3.26) for Rez > e replacing |Rez| > £, as the 
argument for the complex lower half-plane is entirely analogous. 
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Using (3.27), we wish to show that there is R = R(e) such that the operator 
1—(z-—B1S2) o X 


is invertible for all 8 > 1 and z such that |z| > R and Rez > e. This will follow after 
showing that, for 8 and z in the same range 


1 

Ie -8° S) 0 llo < 5. (3.31) 

By (3.28), we can use Proposition 3.1.1 to reduce (3.31) to the claim 

1 
I- 8S2) o Pyo Xlo < F (3.32) 
where Py is the projection onto an appropriately chosen finite-dimensional space V C CX. 
If N is the dimension of the space and wy,...,wy an orthonormal base, it suffices to show 
that 
1 , 

IE = BSa) Hwi) l2 < AN Vi. (3.33) 


We argue for one of them and set w = w;. The goal is thus to show (3.33) provided |z| > R 
for some large enough R. We use again (3.29) and write 


T oo 
(z — BS) (w) = f e787 S2)7 (w) d+ f eB *S2)7 (ay) dr . 
0 T 
=:(A) =:(B) 


We first observe that 


eet 


\(B)|| < l Ihz 
T 


Thus, choosing T sufficiently large we achieve ||(B)|| < sy. Having fixed T we integrate 
by parts in the integral defining (A) to get 


— e~ (2-871 S2)T 1 7 e 
(A) = a (w) + f e77 BT! S o ef S27 (w) dr . 
0 
=:(Al) =:(A2) 


First of all we can bound 


As for the second term, observe that [0,7] > r = e% '%27(w) is the solution of a trans- 
port equation with smooth coefficients and smooth and compactly supported initial data, 
considered over a finite interval of time. Hence the support of the solution is compact and 
the solution is smooth. Moreover, the operators 871S, are first-order differential operators 
with coefficients which are smooth and whose derivatives are all bounded. In particular 


max ||B~'S2 0 ec? ST (w) || < 
TE[0,T] 
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for a constant C depending on w and T but not on p, in particular we can estimate 


C(T) 
A2)|| < —— 
Iadi s 
Since the choice of T has already been given, we can now choose R large enough to conclude 


I|(A) || < sy as desired. 


3.4. Proof of Theorem 2.4.2: conclusion 


First of all observe that z € spec,,(Lg) if and only if Bz + 1— + € spec, (Lss). Thus, 
in order to prove Theorem 2.4.2 it suffices to find o and co positive such that: 


(P) If 8 > Bo, then spec,,(Lg) contains an element z with Rez > co such that Rez = 
max{Rew : w € spec,, (Lg)}. 


Observe indeed that using the fact that the Upm are invariant subspaces of Lss, Gz +1— 4 
have an eigenfunction ? which belongs to one of them, and we can assume that k > 1 by 
possibly passing to the complex conjugate Z. If z is not real, we then set 7 = V and the 
latter has the properties claimed in Theorem 2.4.2. If z is real it then follows that the 
real and imaginary part of J are both eigenfunctions and upon multiplying by i we can 
assume that the real part of J is nonzero. We can thus set 7 = Rev as the eigenfunction 
of Theorem 2.4.2. 7 then satisfies the requirements (i)-(iv) of the theorem. In order to 
complete the proof we however also need to show the estimates in (v). Those and several 
other properties of 7 will be concluded from the eigenvalue equation that it satisfies and 
are addressed later in Lemma 5.0.3. 
We will split the proof in two parts, namely, we will show separately that 


(P1) There are 61, co > 0 such that spec,,(Lg)N {Rez > co} #0 for all B > (i. 
(P2) If 6 > Bo := max{ 61,1}, then sup{Rew : w € spec (Lg)} is attained. 


Proof of (P1). We fix z € spec (Lg) with positive real part and we set 2c := Rez. 
We then fix a contour y C B.(z) which: 


e it is a simple smooth curve; 

e it encloses z and no other portion of the spectrum of Lg; 
e it does not intersect the spectrum of Lst; 

e it is contained in {w : Rew > co}. 


By the Riesz formula we know that 


1 
P; = —— (w — Lg) dw 
200 Jy 

is a projection onto a subspace which contains all eigenfunctions of Lẹ relative to the 
eigevanlue z. In particular this projection is nontrivial. By Lemma 3.3.1 for all sufficiently 
large 6 the curve y is not contained in the spectrum of Lg and we can thus define 

1 -1 
y 
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If y does not enclose any element of the spectrum of Lg, then P, g = 0. On the other hand, 
by Lemma 3.3.1 and the dominated convergence theorem, 


P, glu) > P.(u) 


strongly for every u. That is, the operators P, g converge strongly to the operator P,. If for 
a sequence bk — oo the operators P, g, where trivial, then P, would be trivial too. Since 
this is excluded, we conclude that the curve y encloses some elements of the spectrum of 
Lg for all 8 large enough. Each such element has real part not smaller than co. 


Proof of (P2). Set £ := co and apply Lemma 3.3.2 to find R > 0 such that spec,, (Lg) \ 
Bpr is contained in {w : Rew < co}. In particular, if 8 > max{ 61, 1}, then the eigenvalue 
z found in the previous step belongs to Br and thus 
sup {Rew : w € spec (Lg)} = sup {w : Rew > co, |w| < R} N spec (Lg). 
However, since spec (Le) N {w : Rew # 0} belongs to the discrete spectrum, the set 
{w : Rew > co, |w| < R} A spec (La) is finite. 


CHAPTER 4 
Linear theory: Part IT 


This chapter is devoted to proving Theorem 3.0.1. Because of the discussions in the 
previous chapter, considering the decomposition 


L, = Um, 


keZ 


the statement of Theorem 3.0.1 can be reduced to the study of the spectra of the restrictions 
Ls |u,,, of the operator Ly, to the invariant subspaces Up. For this reason we introduce the 
notation spec (L¢,U;) for the spectrum of the operator Ls|u,, understood as an operator 
from U; to U;. The following is a very simple observation. 


LEMMA 4.0.1. The restriction of the operator L. to the radial functions Up is identically 
0. Moreover, z € spec (Lst, Uj) if and only if Z € spec (Lst, U_;). 


We will then focus on proving the following statement, which is slightly stronger than 
what we need to infer Theorem 3.0.1. 


THEOREM 4.0.2. For a suitable choice of Q, there is an integer mo > 2 such that 
spec (Lt, Umo) N {Rez > 0} is nonempty and spec (Lst, Um) N {Rez > a} is finite for every 
positive a. 

REMARK 4.0.3. As it is the case for Theorem 3.0.1 we can deepen our analysis and 
prove the following stronger statement: 


(i) For a suitable choice of mo, in addition to the conclusion of Theorem 4.0.2 we 
have spec (Lg, Um) C iR for every m > mo. 


This will be done in Appendix A, where we will also show how conclusion (c) of Remark 
3.0.2 follows from it. 


Note that in [40] Vishik claims the following stronger statement. 


THEOREM 4.0.4. For a suitable choice of mo, in addition to the conclusion of Theorem 
4.0.2 and to Remark 4.0.3(i), we have also 


(it) spec (Ls, Uma) A {Rez > 0} consists of a single eigenvalue with algebraic multi- 
plicity 1. 
In Appendix A we will show how to prove the latter conclusion and how Theorem 3.0.3 
follows from it. 


41 
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4.1. Preliminaries 


If we write an arbitrary element 2 € U as Q(x) = e’”’y(r) using polar coordinates, 
we find an isomorphism of the Hilbert space Um with the Hilbert space 


A= fy: Rr oc: f h(r)Prar < oo (4.1) 
0 
and thus the operator Lst: Um — Um can be identified with an operator 
Lise H = H : 


In fact, since Ly = Sı + X, where Sj; is skew-adjoint and % compact, Ly is also a 
compact perturbation of a skew-adjoint operator. In order to simplify our notation and 
terminology, we will then revert our considerations to the operator Lm = iL, which will 
be written as the sum of a self-adjoint operator, denoted by Sm, and a compact operator, 
denoted by Hm: 


Lmy = my — <a! = Sm + Hm, (4.2) 
where w is defined in (4.5). 
LEMMA 4.1.1. After the latter identification, if Q(x) = g(|x|) and Ç is given through 
the formula (2.8), then Sm: H —> H is the following bounded self-adjoint operator: 
Y => Sn(y) = my. (4.3) 


PROOF. The formula is easy to check. The self-adjointness of (4.3) is obvious. Con- 
cerning the boundedness we need to show that ¢ is bounded. Since g is smooth (and hence 
locally bounded), ¢ is smooth and locally bounded by (2.8). To show that it is globally 
bounded recall that g(r) = r=% for r > 2, so that 

R Lf. 
(m= 4+ pips eS Yr >2, 
2 


r2 


where co and cı are two appropriate constants. 


A suitable, more complicated, representation formula can be shown for the operator 
Krie 


LEMMA 4.1.2. Under the assumptions of Lemma 4.1.1, the compact operator Hmn : 
H —> H is given by 


m 1 
YH Hali) = -7V9 es 
where i Z 1 F 
wr) = -r | y(s)s'—™ ds — arm f alae as. (4.5) 
2m $ 2m 0 


REMARK 4.1.3. When y is compactly supported, 6(6,7r) := w(r)e””? with w as in (4.3) 
gives the unique potential-theoretic solution of Ad = ye’, namely, ¢ obtained as the 
convolution of ye"? with the Newtonian potential + lnr. For general y € H we do not 
have enough summability to define such convolution using Lebesgue integration, but, as 
already done before, we keep calling ¢ the potential-theoretic solution of Ad = ye’. 
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PROOF OF LEMMA 4.1.2. First of all we want to show that the formula is correct 
when Q = q(r)e™? € C&NL?2,. We are interested in computing —i(Ky*Q-V)Q. We start 
with the formula Ky * Q = V+¢, where ¢ is the potential-theoretic solution of Ad = Q. 
The explicit formula for @ reads 

1 


(a) = zy | 90) mly -aldy 


@ is clearly smooth and hence locally bounded. Observe that Q averages to 0 and thus 
1 

ble) = zz | 90) ly = 2| — In fa dy. 
T JR2 


Fix R larger than 1 so that spt (Q) C Br and choose |x| > 2R. We then have the following 
elementary inequality for every y € spt (Q): 


lul 2lyl 
= — yll < — yl + lyl) — — yl) < < 22 
| In |z| — ln |z — yl < In(Ja — y| + [yl) — n(x — yl) < W- a 
from which we conclude that |¢(x)| < C(1+|z|)~+. Hence ¢ is the only solution to Ad = Q 
with the property that it converges to 0 at infinity. This allows us to show that ¢ġ satisfies 
the formula 


lz) = y(r)” 
where ~w is given by formula (4.5). We indeed just need to check that the Laplacian of 
p(r)et™? equals y(r)e® and that lim, (r) = 0. Using the formula A = 4% +124 a 


r2 062 ' Or2 
the first claim is a direct verification. Next, since y(r) = 0 for r > R, we conclude 
y(r) = Cr-™ for all r > R, which shows the second claim. Observe next that 
= ma imo O _ o imé o 

Vo a r2 y(r)e 06 Or (W(re ) Or ? 
which turns into a 7S 3 

1 _ met imo l +97 imo) O 

ME r UE Or rør wer) ð 


Since Q(x) = g(r), we then conclude that 
— (Ky * Q: V)Q = Tyre? g (r). 


Upon multiplication by 7 we obtain formula (4.4). Since we know from the previous chapter 
that X is a bounded and compact operator and .%,, is just the restriction of i% toa 
closed invariant subspace of it, the boundedness and compactness of Hmn is obvious. 


Notice next that, while in all the discussion so far we have always assumed that m 
is an integer larger than 1, the operator Sm can in fact be easily defined for every real 
m > 1, while, using the formulae (4.4) and (4.5) we can also make sense of Hn for every 
real m > 1. In particular we can define as well the operator Lm for every m > 1. The 
possibility of varying m as a real parameter will play a crucial role in the rest of the chapter, 
and we start by showing that, for m in the above range, the boundedness of Lm and Sm 
and the compactness of .%,, continue to hold. 
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PROPOSITION 4.1.4. The operators Lm, Sm, and Xm are bounded operators from H to 
H for every realm > 1, with a uniform bound on their norms if m ranges in a compact 
set. Moreover, under the same assumption Xm is compact. In particular: 
(i) spec (Lm) is compact; 
(ii) for every z with Imz # 0 the operator Lm — z is a bounded Fredholm operator with 
index 0; 
(iii) every z E€ spec (Lm) with Imz # 0 belongs to the discrete spectrum. 


PROOF. The boundedness of Sm is obvious. Having shown the boundedness and com- 
pactness of Hm, (i) follows immediately from the boundedness of Lm, while (ii) follows 
immediately from the fact that Lm — z is a compact perturbation of the operator Sm — z, 
which is invertible because Sm is selfadjoint, and (iii) is a standard consequence of (ii). 

First of all let us prove that .%,, is bounded (the proof is necessary because, from what 
previously proved, we can just conclude the boundedness and compactness of the operator 
for integer values of m larger than 1). We observe first the pointwise estimate 


IP Plloo < Cllalee, (4.6) 


as it follows from Cauchy-Schwarz that 


1 


a m [y(s)|s17™ ds < i ly(s)|?s as) ( f ee ds)" 


1 
goan ne 
S Fim ag 


T r 1 r i 
a. ly(s)|stt™ ds < a In(s)?sds) 2 (| git2m ds) 2 
0 0 0 


1 
< —— : 


Since g(r) < C(1+ r) +, it follows immediately that 


Cllr le 
(Hn Ora 


and 


and in particular 


= s 3 
lala < Clin f girat) < Cll 


l+s 


This completes the proof of boundedness of the operator. In order to show compactness 
consider now a bounded sequence {y,} C H. Observe that for every fixed N, (4.5) gives 
the following obvious bound 


|| 4m (Ye) llwm- < CON) lr - (4.8) 


In particular, through a standard diagonal procedure, we can first extract a subsequence 
of { 4n(Y~)} (not relabeled) which converges strongly in the space L?({N~', N],rdr) for 
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every N. It is now easy to show that {-4n(7-)}x% is a Cauchy sequence in H. Fix indeed 
e > 0. Using (4.7) we conclude that there is a sufficiently large N with the property that 


E 
sup |Ha (Y) LoN-uin ollu < 3 - (4.9) 
Hence, given such an N, we can choose ko big enough so that 
E 2 
Il (in (Ve) — Anl) Lin- S 3 Vk, j = ko. (4.10) 


Combining (4.9) and (4.10) we immediately conclude 


|| 4m (Ve) = Hna < € 


for every j,k > ko. This completes the proof that {.%,(7;)} is a Cauchy sequence and 
hence the proof that Hmn is compact. 


4.2. The eigenvalue equation and the class @ 


Using the operators introduced in the previous setting, we observe that Theorem 4.0.2 
is equivalent to showing that spec (Lm) N {Imz > 0} is nonempty. We next notice that, 
thanks to Proposition 4.1.4 and recalling that ~ is defined through (4.5), the latter is 
equivalent to showing that the equation 


mey- gY = zy (4.11) 


has a nontrivial solution y € H for some integer m = mg > 2 and some complex number 
z with positive imaginary part. 

We thus turn (4.11) into an ODE problem by changing the unknown from y to the 
function 7. In particular, recall that the relation between the two is that A(y(r)e™™®) = 
y(r)e™, and we’ is in fact the potential-theoretic solution. We infer that 


1 m? 
Y+- -YEN 
r r 


and hence (4.11) becomes 


/ 


1 m? g 
” a 
ge r? a r(¢ — mtz) 
Notice that, by classical estimates for ODEs, y € W?(R*). Observe, moreover, that if 


loc 


Y E L(4)n W727 (R+) solves (4.12) and z has nonzero imaginary part, it follows that 


Y =0. (4.12) 


mg’ 


r(m¢ — 2) 

belongs to L?(rdr) and solves (4.11), because the function na z is bounded. Vice versa, 
assume that y € L?(rdr) solves (4.11). Then 7 solves (4.12) and we claim that w € 
P(E) A WÈ (R+). Again the WÈ? regularity follows from classical estimates on ODEs 
and therefore we just need to show w € L?(). 


y= Y (4.13) 
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When m is an integer strictly larger than 1, by classical Calderén-Zygmund estimates, 
d(x) := v(r)e™ is a WÈ? function of R?. As such ¢ € C¥(B,) for every w < 1 and 
therefore y € C%([0,1]) and, by symmetry considerations, ~(0) = 0. Thus it turns out 
that |w(r)| < Cr” for every r € [0,1], which easily shows that ~ € L?([0, 1], =). However, 
in the sequel we will consider the more general case of any real m > 1. Under the latter 
assumption we just understand wy as given by the integral formula (4.5) and obtain a 
pointwise bound |w(r)| < Cr from (4.6). 


We next improve the linear growth bound on w at oo to show that 


oo 2 
l t) dr < œ. (4.14) 
i r 

Here we recall that, for r sufficiently large, ¢(r) = $ + & for some constants co and cy, 

while g'(r) = —ar~“+), In particular, since |m¢ — z| > |Im z| > 0, from (4.13) we infer 
ly) < Orr vr > 1, (4.15) 

while at the same time we use (4.5) to bound 

IW(r)| < Cr-™ + oy l ly(s)|s!t™ ds + < h(s) ds  Yr>1. (416) 


Now, insert the bound |w(r)| < Cr into (4.15) to get |y(r)| < Cr7!~® and hence use the 
latter in (4.16) to improve the bound on 4 to 

HOS T tr). 
We then repeat the very same procedure to improve the last pointwise bound to |Y(r)| < 
C(r-™+r'~*¢)_ After a finite number of steps we arrive at the bound |w(r)| < Cr7~™. The 
latter is obviously enough to infer (4.14). 

Hence our problem is equivalent to understand for which m and z with positive imagi- 
nary part there is an L?(“)q WÈ? solution of (4.12). The next step is to change variables 
to t = Inr and we thus set y(t) = y(e'), namely, y(r) = y(Inr). The condition that 
Y € L?(*) translates then into y € L?(R) and y € WÈ? translates into y € Wz”. 
Moreover, if we substitute the complex number z with + we can rewrite 


A(t 
-PO + mg(t) + A 
E(t) — z 
which is Rayleigh’s stability equation, where the functions A and = are given by changing 
variables in the corresponding functions g’ and Ç: 


y(t) = 0, (4.17) 


A(t) = Sa) (4.18) 
z(t) = f et) (6) dr. (4.19) 


Note in particular that we can express A and © through the relation 
A=28" 422’. (4.20) 
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The function g (and so our radial function 9) can be expressed in terms of = through the 


formula 


gle) = o£ eE) (4.21) 


Rather than looking for g we will then look for © in an appropriate class @ which we next 
detail: 
DEFINITION 4.2.1. The class @ consists of those functions = : R -]0, co[ such that 


(i) =(—oo) := lims- E(t) is finite and there are constants cp > 0 and Mo such that 
E(t) = E(—oo) — coe” for all t < Mo; 


1 


(ii) there is a constant cı such that E(t) = cie” + =e for t > In2; 

(iii) A has exactly two zeros, denoted by a < b, and A’(a) > 0 and A’(b) < 0 (in 
particular A < 0 on | — œ, a[ U]b, oo| and A > 0 on Ja, bf); 

(iv) ='(t) < 0 for every t. 


FIGURE 1. A sketch of the function in the class @ which will be finally 
chosen in Section 4.10 to prove Theorem 4.0.2, in the t = logr axis. The 
graph of A(t) is the solid curve, G(t) := ='(t) + 2 (t) the dashed one, and 
='(t) the dotted one. Even though A is smooth, its derivative undergoes a 
very sharp change around the points t = 5 and the point t = — FR where B 
is an appropriately large constant, cf. Section 4.10. 


Fix © € @. By (4.21), g is then smooth, it equals 2E(—oo) — 4cor? in a neighborhood 
of 0, and it is equal to r77 for r > 2, thanks to the conditions (i)-(ii). In particular the 
corresponding function Q(x) = g(|x|) satisfies the requirements of Theorem 4.0.2. We are 
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l- 


0 2 4 6 8 10 


FIGURE 2. The profile of the background vorticity Q(x) = g(r) in the orig- 
inal coordinates (the solid curve). Compare with the exact singular profile 
r—® (the dashed curve) 


now ready to turn Theorem 4.0.2 into a (in fact stronger) statement for the eigenvalue 
equation (4.17). In order to simplify its formulation and several other ones in the rest of 
these notes, we introduce the following sets 


DEFINITION 4.2.2. Having fixed = € @ and a real number m > 1, we denote by Ym 
the set of those complex z with positive imaginary part with the property that there are 
nontrivial solutions y € L? N WÈ? (R, C) of (4.17). 


loc 


REMARK 4.2.3. Observe that z belongs to %,, if and only if it has positive imaginary 
part and mz is an eigenvalue of Lm. 


THEOREM 4.2.4. There is a function = € @ and an integer Mmo > 2 such that Ymo is 
finite and nonempty. 
4.3. A formal expansion 


In this section, we present a formal argument for the existence of solutions to Rayleigh’s 
equation 


(=() -2)(- aa m?) y(t) + A()p(t) = 0 (4.22) 


which correspond to unstable eigenmodes. 
For convenience, we ignore the subtleties as |t| — +oo by considering (4.22) in a 
bounded open interval J with zero Dirichlet conditions. The background flow in question 
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is a vortex-like flow in an annulus. In this setting, Rayleigh’s equation (4.22) is nearly 
the same as the analogous equation for shear flows (U(y),0) in a bounded channel: the 
differential rotation =(t) corresponds to the shear profile U(y), and A(t), which is r times 
the radial derivative of the vorticity, corresponds to U"(y). In either setting, unstable 
eigenvalues À correspond to z with Imz > 0. Moreover, Rayleigh’s equation enjoys a 
conjugation symmetry: If (y,m,z) is a solution, then so is (¢,m,zZ). Hence, to each 
unstable mode, there exists a corresponding stable mode, and vice versa. The equation is 
further symmetric with respect to m — —m, and we make the convention that m > 0. 

It will be convenient to divide by the factor = — z and analyze the resulting steady 
Schrodinger equation. This is possible when: 


(i) the eigenvalue is stable or unstable, i.e. Imz ¥ 0, or 
(ii) A(t) vanishes precisely where S(t) — z vanishes. 


Note that we already know that A(t) changing sign is necessary for instability. This 
is Rayleigh’s inflection point theorem, which can be demonstrated by multiplying (4.17) 
with Ø and integrating by parts (this procedure is in fact used a few times in the rest 
of the chapter, see for instance (4.55), (4.59), and (4.71)). Suppose A vanishes at tọ and 
define zo := =(to), sometimes called a critical value or critical layer. By the assumption 
that =’ < 0, we have that 


A(t) 
KAt) == 4.23 
O= (4.23) 
is a well-defined potential, and 
A(t) A' (to) 
— x — +O(t-—t 4.24 
A —% ~ Eto) OET a 
ast >to. After rearranging, the equation at z = z becomes 
=y" + Ky = -m?°g. (4.25) 
—— 


=Lyp 


£ is a self-adjoint operator on the appropriate function spaces. Using (4.24), it is possible 
to design = such that K is negative enough to ensure that £ has a negative eigenvalue; 
see Lemma 4.4.7. Let —mé denote the bottom of the spectrum of £, with the convention 
mo > 0. Let yo denote an associated eigenfunction, 


Lpo = —Msf0 5 (4.26) 


which we normalize to ||yo||72 = 1. By Sturm-Liouville theory, the eigenvalue —m@ is 
algebraically simple, and its eigenfunction yo does not vanish except at OJ. In summary, 
(po, Mo, Zo) is a solution to Rayleigh’s equation. The eigenfunction yo is known as a neutral 
mode, since it is neither stable nor unstable: Imz = 0. mg is the corresponding neutral 
wavenumber, and in general it may not be an integer. 
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We seek unstable modes y, nearby the neutral mode yo in a perturbation expansion: 


Pe = po + Ep1 HE p2 + 
Me = Mo + EM, +E M +-+ (4.27) 


2 
Ze = % tE tE zat a 


We normalize ||p-||72 = 1, which yields the condition 


(po; p1) = 0. (4.28) 
Eventually, we will see that it is also possible to fix the freedom in the parameter € by 
choosing, e.g., |m | = 1. Due to the conjugation symmetry of Rayleigh’s equation, the 


perturbation expansion will simultaneously detect stable modes. 
The equation to be satisfied by yy is 
d? J z 
-a ( -JE a mi) Yo + 2(E — 29)momiY~o 


= d? 
+ (E— 2)(- Fa tm) + Api =0. (4.29) 
—$—— ŘŘĖ————_ 
=(E-2z0)(L+m3)o1 


We wish to divide by = — zp and apply the equation (4.26) for yo to obtain 
z (E — 20) Koo + 2Mmomipo + (L + mê) = 0. (4.30) 


— 
= 


However, we should not manipulate terms containing (= — 29)~! cavalierly; (= — z)~1 is 
not locally integrable. Rather, we divide by = — z + iô and send 6 > 0%. We will find 
that one choice of + will detect the stable eigenvalue, and the other choice will detect the 
unstable eigenvalue. We write 


ži Jim [(= — zo £15) Kyo] + 2momiyo + (L + mê) = 0. (4.31) 
-y 
By the Fredholm theory, the above equation is solvable provided that 
(z (2 — 29 + 10) Kyo + 2MoM10, Yo) = 0, (4.32) 


borrowing the physics shorthand +70 to track the regularization procedure. By the Plemelj 
formula, 


ic — zo + 40)" K|wo|? dt = F inZ (to) K(to)lypolto)l? 


+ pv fe — 29) 1K pol? dt. (4.33) 


Hence, 


Zi rin (to)*K (to volta + pv fe = zo) Klo]? ar| + 2Momı =0. (4.34) 
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The first term is guaranteed not to vanish. In particular, we have the relationship 


= 2Momy 
+iE’ (to)- 1K (to) |~o(to)|? — pv [(E — 20) !K| wo? at 


#0, (4.35) 


21 


and 
K(to)ma 
E'(to) 
The perturbation expansion suggests the existence of a curve of unstable modes bifur- 
cating from the neutral mode; see Figure 3. For the rigorous implementation of the ideas 
above to show that the existence of the unstable branch in a neighborhood of the neutral 
mode we refer to Lemma 4.8.1 where ultimately Plemelj’s formula will play a crucial role. 
However, it is also important to say something about the global picture of the curve of 
unstable modes and, in particular, to ensure that m can be chosen to be an integer. This 
is done by continuing the curve; see Proposition 4.4.5. Heuristically, the main obstacle will 
be that the curve could “fall” back to the plane Imz = 0. A key part of understanding the 
global picture will be to demonstrate that the only possible neutral limiting modes, where 
the curve touches Imz = 0, are at the critical values ze = =(t-) where A(t.) = 0 (otherwise, 
the potential A/(= — z) contains a singularity which will lead to a contradiction); see 
Proposition 4.4.1. 


sgn(Im 21) = sgn (4.36) 


Im z 


curve of unstable modes (y,m., z) 


wavenumber m 


\ Po 
\ my M a 
` 1 


4 f . eae 
` 7 (neutral miting wavenumber ) 


~ = os = 


FIGURE 3. A schematic depiction of the emergence of stable and unstable 
modes from neutral modes. The dotted curve is the corresponding curve 
of stable modes, obtained by complex conjugation. Notably, the curve is 
not smooth across Imz = 0. The one-sided derivatives of z at Mma, may be 
calculated as —z, in (4.35) with mı = —1. 


The case of rotating flows in an annulus was considered by Lin in [25], and the reader 
to encouraged to compare with the approach therein. 
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4.4. Overview of the proof of Theorem 4.2.4 


The rest of the chapter is devoted to proving Theorem 4.2.4. The proof will be achieved 
through a careful study of Rayleigh’s stability equation (4.17) and, in particular, the set 
P of pairs (m, z) such that z E Yn and m > 1, i.e., 


P := {(m, z2) ERXC:z E UYm, m>1}. (4.37) 


Given that © is strictly decreasing, we have 


lim E(t) > Sa) > =(b) > lim Z(t) = 0 
t—>— o0 too 
and in order to simplify our notation we will use =(—oo) for lim;,—.. =(t) and, occasionally, 
=(o0) for 0. 

The first step in the proof of Theorem 4.2.4 is understanding which pairs (m, z) belong 
to the closure of Y and have Im z = 0. Solutions (m, z, p) to (4.17) with (m, z2) € Y and 
Imz = 0 are sometimes called neutral limiting modes [25]. To that end, it is convenient to 
introduce the following two self-adjoint operators: 


d? A(t) 
La := — | 4.38 
dt? = (t) — E(a) ( ) 
d? A(t) 
Ly s= . 4.39 
ae a-a (239) 
Thanks to the definition of the class @, it is easy to see that both functions E and 


Al) AD _ AW) 
ES) )—E(a) ~ E()—=(b)° 

Moreover, the first is negative on ]—oo,b/ and positive on |b, col, while the second is 
negative on |—oo, a| and positive on Ja, oo|. Recall that the spectra of these operators are 
necessarily real and denote by —A, and — Ap the smallest element in the respective spectra: 
observe that, by the Rayleigh quotient characterization, —Aa < — Ab. 

While a priori, Aa = A» = 0 is possible, for the remainder of this section, we work only 
in the setting —A, < 0; this is possible due to Proposition 4.4.6. 

The following proposition characterizes the possible neutral limiting modes: 


are bounded and that z 


PROPOSITION 4.4.1. If (mo, z) € Y and Imz = 0, then either z = Z(a) or z = =(b). 
Moreover, in either case, if mo > 1 then necessarily mo = Va or Mmo = VA. Assume 
in addition that —A, < —1. Then, for z = =(a), the unique m > 1 such that (4.17) has 
a nontrivial solution Ya € L? is ma = Va. Moreover, any nontrivial solution has the 
property that Yala) #0. 


REMARK 4.4.2. We remark that the exact same argument applies with b in place of a 
when A, > 1, even though this fact does not play any role in the rest of the notes. 


Observe that this does not yet show that (m,,=(a)) € Y corresponds to a neutral 
limiting mode. The latter property will be achieved in a second step, in which we seek a 
curve of unstable modes emanating from (ma, =(a)): 
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PROPOSITION 4.4.3. Assume —Aq < —1 and let Ma = VAa. There are positive con- 
stants € > 0 and ô > 0 with the following property: For every h €]0,6|, Yma-hNB:(E=(a)) # 
0. 


This is proved by making the formal argument in Section 4.3 rigorous. 


REMARK 4.4.4. In fact, the argument given for the proposition proves the stronger 
conclusion that Ym,-n N B-(=(a)) consists of a single point z, with the property that mz 
is an eigenvalue of Lm with geometric multiplicity 1. Moreover, the very same argument 
applies to b in place of a and h €] — ô, Of if Ay > 1. 


Combined with some further analysis, in which the curve of unstable modes is continued, 
the latter proposition will allow us to conclude the following: 


PROPOSITION 4.4.5. Assume —Aq < —1, let Ma = VAq and mp := \/max{1, àb}. Then 
Um £ Ü for every m E]my, mal. 


Thus far, we have not selected our function =: the above properties are valid for any 
element in the class @. The choice of = comes in the very last step. 


PROPOSITION 4.4.6. There is a choice of = € © with the property that |m, ma contains 
an integer larger than 1. 


Clearly, the combination of Proposition 4.4.5 and Proposition 4.4.6 gives Theorem 
4.2.4: we first choose = as in Proposition 4.4.6 and hence we select mo as the largest 
natural number which belongs to the interval |m»,ma|; the properties claimed in Theorem 
4.2.4 follow then from Proposition 4.4.5. The proof of Proposition 4.4.6 is in fact a rather 
straightforward application of the following. 


LEMMA 4.4.7. Let mo be any integer. Then there exists = € G witha = 0 and b = t 
such that the smallest eigenvalue of the operator La is smaller than —m3. 


REMARK 4.4.8. A consequence of Lemma 4.4.7 is that the most unstable wavenumber 
mg can be made arbitrarily large. Only mo > 2 is necessary to prove non-uniqueness. We 
warn the reader that here mp does not refer to the neutral wavenumber of Section 4.3. 


The rest of the chapter will be devoted to proving the Propositions 4.4.1 and 4.4.3 and 
Lemma 4.4.7. We finish this section by giving the simple proof of Proposition 4.4.6 


PROOF. For simplicity we fix a = 0 and b = 5 and we look at the set of functions = 
with this particular choice of zeros for A. We then denote by Le, the operator in (4.38). 
We fix an arbitrary =) € @ and let —X(0) be the smallest eigenvalue of Ds,4. We then 
consider the smallest integer mp > 3 such that m% > \(0). By Lemma 4.4.7 there is an 
element =, € @ with the property that a = 0, b = $ and, if —A(1) is the smallest element 


of the spectrum of Ds, ,, then —A(1) < —mé. For o € [0,1] consider Ls, a where 


aS = (1 — o)Zo + 02} 


and observe that =, € @ for every a € (0, 1]. 
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Since o +> &, is continuous in the uniform convergence, by the Rayleigh quotient 
characterization we see that the smallest element —A(c) of the spectrum of Ls, is a 
continuous function of ø. There is thus one ø € [0,1[ with A(o) = mê. Let oo be the 
largest o with \(o) = mê. Observe now that, if we let —~(a0) be the smallest eigenvalue of 
Lz. b; then u(co) < mg. In addition, o +> p(o) is also continuous and thus there is h > 0 


such that u(o) < må for all o € [oo — h, oo +h]. On the other hand A(o9 + h) > ms. This 
shows that mp < mo < Ma if we choose = = &,,4;, completing the proof of our claim. 


4.5. ODE Lemmas 


An essential tool in the proofs of the Propositions 4.4.1 and 4.4.3 are the following two 
ODE lemmas. 


LEMMA 4.5.1. Let m > 0. For every f € L?(R) there is a unique Y € L?(R) AWÈ? s.t. 


loc 


d2 
— a +m = f (4.40) 
and it is given by 
1 
w(t) = = ali dr. (4.41) 


PROOF. The lemma is a classical well-known fact. At any rate the verification that w 
as in (4.41) solves (4.40) is an elementary computation while, since obviosuly e~™!! € Lt, 
w € L if f € L. Moreover, any other solution w of (4.40) must satisfy W(t) = W(t) + 
C.e™ + C_e~™ for some constants C4 and the requirement y € L? immediately implies 
C =C_=0. 


The second ODE Lemma is the following: 


LEMMA 4.5.2. Letv € L'(R,C). Then for every constant c_ there is a unique solution 
y € W2"(R,C) of 


loc 


See ra, =0 (4.42) 
dt? a l 
with the property that 
„im e™ yt) =c. (4.43) 
——00 


Moreover we have y(t) = e"™(c_ + 2(t)) for a function z(t) which satisfies the bounds 


el< le- fo (sf woas) -1 (4.44) 


OO 


ZOL < 2mo- fox (z f woas) -1| (4.45) 


oO 


A symmetric statement, left to the reader, holds for solutions such that 
lim e™*y(t) = c. (4.46) 
t-00 


Important consequences of the above Lemmas are the following: 
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COROLLARY 4.5.3. If (m,z) € P, then the space of solutions p € L? N W? of (4.17) 


loc 
is 1-dimensional. Moreover for any such y there is a constant C with the property that 


le) < Come (4.47) 
and there are two constants C} and C_ such that 
lim e™ y(t) = Cy (4.48) 
t— oo 
lim e™y(t) = C. (4.49) 
t—=— oo 


The constants are either both nonzero or both zero, in which case p vanishes identically. 
The same conclusions apply ifm > 1, z € {&(a),=(b)} and p solves (4.17). 


PROOF. Observe that |=(t) — z| > |Im z|, while A(t) = 6coe** for —t sufficiently large 
and |A(t)| < 2e~™ for t sufficiently large. In particular 
< Ge. (4.50) 


First of all notice that, if p € L? N We solves (4.17), by Lemma 4.5.1 (applied with 
f =—24) we have 


= 


POLS ge f eeel) ar. (4.51) 


Using Cauchy-Schwarz and the fact that y € L? we immediately obtain that y € L, 
namely, that there is a constant C such that |y| < C. We now prove inductively that 
lot) | < Cpe“ Pel’? as long as ka/2 < m. The case k = 0 has already been shown. Assume 
thus that the inequality holds for k — 1 and that ka/2 < m. We then observe that 


e ™lt-T| e—alr| |y(r) | < G36 8 eee ere 


< Cy_1e Plt tH Irl)/2¢—alr|/2 


< Cpe ean ; 


Inserting in (4.51) and using e~“'7!/? € L! we then obtain |y(t)| < Cye7*2!"/?. Assuming 
now ka/2 <m < (k+1)a/2 we can, likewise, bound 


e-mlt—tle-Alrlln(7)| < Cyenmlt-ti-e+Nalr|/2¢-alrl < Cy e-™ltle—alrl/2 


and plugging into (4.51) one last time we conclude |y(t)| < Ce~™4l, 

In order to show that y is unique up to a multiplicative constants, it suffices to show 
that limy.—..e~"™ p(t) exists and is finite. Hence Lemma 4.5.2 would conclude that the 
solution is uniquely determined by C_, and that the latter must be nonzero, otherwise 
p = 0. In order to show existence and finiteness of C_ rewrite 


mt co —mt t 
att) = [em AE) ods fem) e)s. 
2M Ji =(s)-z 2m Jo  EĒ(s)-z 
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Since by our estimates both eos Gy ms _A(s) 


ps) and e z 29 (8) are integrable, we conclude 


that C+ exist and equal 


_ 1 f" (ams Als) 
Ci = =e Es) 2) ds. 


As for the last sentence of the statement of the lemma, the same arguments can be 
used in the case z € {=(a), =(b)}, since the crucial point is that, thanks to the assumption 
that A(a) = A(b) = 0 and 3’(a) 40 4 =(b), the estimate (4.50) remains valid. 


PROOF OF LEMMA 4.5.2. We distinguish between the case c_ Æ 0 and c_ = 0. In the 
case c_ # 0 we can divide by c_ and reduce the statement to c_ = 1. For the existence it 
suffices to look for a solution of (4.42) which satisfies (4.43) on a half-line of type | — 00, T] 
for some T. Such solution has then a We continuation on |T, oo| by standard ODE theory. 
Likewise the uniqueness is settled once we can show the uniqueness holds on | — oo, T]. 
Observe next that, if the solution exists, we would clearly conclude that ay € L'(|—00, T)), 
hence implying that 

lim y(t) 
t—>— o0 
exists and is finite. On the other hand (4.43) implies that such limit must be 0. 
Let g(t) = e ™"*y(t) and observe that we are looking for a solution of 


2mt~I\I _ ~2%mt 
(omy) =e 


y vý. 


Integrating between —N and t the latter identity and letting t ~ —oo we conclude 


-F e™™u(s\g(s)ds. (4.52) 


—oco 


Divide by e?”” and integrate once more to reach 


g(t) -—1=- i 7 / i es—"y(s)i(s) ds dr 


1 f - 
= = | (1 —e 29) u(s) G(s) ds 
We then define the transformation 
1 t 
Ft) = = f (1 — €2™-)u(s)Gj(s) ds + 1 (4.53) 


which we consider as a map from L®(]— oo, T]) into itself. From our discussion we conclude 
that y solves (4.42) and obeys (4.43) if and only if g is a fixed point of F. Choosing T 
large enough so that ||v||z1q-.0,7}) < m we see immediately that Z is contraction on 
L®(] — oo, T]) and it thus has a unique fixed point. We have thus showed existence and 
uniqueness of the solution in question. 
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Observe now that z(t) = y(t) — 1 and set 


Z(t) := exp (=f oe) =i, 


Z solves the ODE 7’ = Pl. ma pl and, since lim;——oo = 0, the integral equation 
-f w s)|Z(s)ds + we s)|ds. 
~ Im 
We first want to show that |z(t)| < Z(t) on ] — 00, T]. We set Jo := Z + 1 and define 


inductively 9:4, = F(y;). From the above discussion we know that J; converges uniformly 
to y and it suffices thus to show that |g;—1| < Z for all i. By definition we have |jp—1| = Z 
and thus we need to show the inductive step. We estimate 


ent) Us f WOOL 


<E f w s)|Z(s Jas se flo s)|ds = Z(t), 


We have shown (4.44) on ]— 00, T]. In order to extend the inequality to the whole real axis 
observe first that we can assume, without loss of generality, that ||v||z1R) > 0, otherwise 
we trivially have |g(t) — 1] = Z(t) = 0 for all t. In particular we can select T so that all of 
the above holds and at the same time ||v||z1q-%,7r) > 0. This implies Z(T) > 0. Moreover, 
by (4.53) and F (J) = J, either 


wT) —1<5— | WOON 


or |v||y| vanishes identically on | — co, T]. In both cases we conclude |y(T) — 1| < Z(T). 
Consider now sup{t > T : |y(t)—1| < Z(t)}. Such supremum cannot be a finite number To 
because in that case we would have |y(Zp) — 1| = Z(to) while the same argument leading 
to the strict inequality |g(T) — 1| < Z(T) implies |y(TZo) — 1| < Z(To). 

Having shown (4.44) we now come to (4.45). Recalling (4.52) we have 


Z(t) = f e™?™t-y(s)(z(s) + 1) ds 
zj e7- las 12s) as + f e7™lt-s)lu(s)| ds = 2MZ(t). 


We now come to the case c_ = 0. In that case we need to show that the unique solution 
is identically 0. Arguing as for the case c_ = 1 we conclude that y is a fixed point of the 
transformation 


Ft) =z f (1-9) o(s)a(s) ds 


Again, for a sufficiently small T, F is a contraction on L®(|— 00, T]) and hence it has 
a unique fixed point. Since however 0 is, trivially, a fixed point, we conclude that y = 0 
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on |—oo, T]. Standard ODE theory implies then that vy vanishes identically on the whole 
R. 


4.6. Proof of Proposition 4.4.1 


We start by showing the last statement of the proposition, namely: 


(A) For z = &(a) and under the assumption that A, > 1, the unique m > 1 such that 
(4.17) has a nontrivial solution Ya € L? is Mma = VAa- 
Before coming to its proof we also observe that the same argument applies with b in place 
of a. 
First of all observe that, for z = =(a), the equation (4.17), which becomes 


- = aye =o (4.54) 


— 
= 
— 


has nontrivial solutions y € WÈ? N L?(R; C) if and only if it has nontrivial solution y € 
WÈ? N L?(R; R). That the equation has a nontrivial solution when m = vÀ, follows 
from the classical theory of self-adjoint operators. We therefore only need to show that 
the existence of a nontrivial solution is only possible for a single m > 1. Arguing by 
contradiction assume there are two, 1 < mı < mz, and denote by Yı and Y2 the respective 


solutions. Then there is a nontrivial linear combination 


p = Ciy + Coya 


which vanishes on i , Observe that Yı and w2 can be interpreted as eigenfuctions of the self- 
adjoint operator — a + atthe j relative to distinct eigenvalues and they are, therefore, L? 


orthogonal. Summing the aan multiplying by w and integrating by parts we achieve 
S (P+ ay) = -tmt fot cts fa. (4.55) 
— m 
=i 
Recalling that A = =”+25/ = (='+22}, we wish to integrate by parts the second integrand 


in the left-hand side. Observe that, because ọọ vanishes on a and =’(a) # 0, the function 


—— is in fact continuously differentiable. In particular we can write 


Z(a aa): 
Substituting it into I, we achieve 
O ear z ? 222? AE yp! 
-f(v =O leor =— E(0) 
= 2 = 
= I = | = 2 
-fẹ a”) 2] ay" 


2E yo a4 
aca © E- 


~ 


[1] 


[1] 
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where to reach the second line we have written the first term in the second integral as 


d 1 
-azt (_ |y 
dt (=g) y 


and integrated it by parts. Again thanks to the fact that ~ vanishes at a we can write it 
as Y = (= — E(a))n and hence conclude 


r= [(E-20)W)}? + f XE- 20) 


Inserting the latter in (4.55) we conclude 


[E-230 - 9)? = -cm-a f vt - m- f. 


Observe that, since m > 1 and we is nontrivial, we conclude that Cy = 0. This would 
then imply that Y = Cyy, and we can thus assume Cı = 1 in all our computations. In 
particular n = 7, which implies 7(t) = Ce’. We can now write w(t) = (E(t) — E(a))n(t) 
and given the properties of =(t) we easily see that this would violate the decay at +00 that 
we know for yı from Corollary 4.5.3. 


REMARK 4.6.1. We record here a consequence of the above argument: a nontrivial 
solution y of (4.54) necessarily satisfies y(a) # 0 (and thus it must be unique up to 
constant factors). 


We next show that 
(B) If (mo, z) € Z, mo > 1 and z E R, then z is in the closure of the range of =. 


We again argue by contradiction and assume the existence of 
(i) A sequence {m;} C ]1, oo[ converging to mo € [1, oo; 
(ii) A sequence {z;} C C with Im z; > 0 converging to z € R \ 
(iii) A sequence 4%; of nontrivial solutions of 
dp; 
dt? 


su) 
Z 


A 

+ mp; + = p;=0 (4.56) 
=— 2; 

By Corollary 4.5.3 we can normalize our functions 7; so that p; (t)e™™:* > 1 as t + —oo 

and w;(t)e™’ + Cj #0 as t > oo. Observe also that there is a positive constant cg such 

that |E — z;| > co for all j sufficiently large, thanks to (ii). In particular, the functions =e 
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are uniformly bounded in L'. By Lemma 4.5.2 there is a positive Ty > b+ 1, independent 
of 7 such that 


C, 
Wo — Cre "| < T Wt Th, (4.57) 
and there is a constant C, independent of 7 such that 
sll (as) SC. (4.58) 
Next multiply (4.56) by Pi, integrate in t and take the imaginary part of the resulting 


equality to conclude 
A 2 
1 (E — Hee) + (Im z;)? m= (Loa 


We might break the integral into three integrals on the regions |—oo, af, Ja, b[, and ]b, ool, 
where the function A is, respectively, negative, positive, and negative. This gives 


2To A 2 b A 2 
— NAL j 


Now, the right-hand side of the inequality can be bounded uniformly independently of 7 
by (4.58) and (ii). On the other hand the function oR ems is larger than a positive 
constant c independent of j on [To,27o|. Using (4.57) we can achieve a uniform bound 
IC;| < C for the constants C}. The latter bound, combined with the estimates of Lemma 


4.5.2 and the uniform bound on ||s4+||;: easily imply that p; is precompact in L°. We 


a Zj 


can thus extract a subsequence, not relabeled, converging to a nontrivial L? solution w of 
dw 
dt? 


Without loss of generality we assume that w is real valued, since z is real. We can thus 
multiply (4.60) by % and integrate to achieve 


SY 4 9B! 
fw + meq?) + / Se =a, 


A 


2 Zz 


ked 


Integrating by parts f 2 


—w we find 


2 = = 
[wr rmivys | (ee zjew) + f Zoe =o. 


which we can rewrite as 


J ((v- = >) + miu?) + 2 f = =0. (4.61) 


Y 


E-z 


As already done in the previous paragraphs we set 7 = and write the identity as 


f (E -2 (Y + mE- z)?n? + 22'E — z)n”) = 0 
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Integrating by parts the last term we find 
[E-P -+ |- DE- a =0. 


We thus conclude that mp = 1 and 7! = n, ie. n(t) = Ce’, but again we see that this 
would violate w € L?. 
We next employ a suitable variation of the latter argument to show that 
(C) (mo, 0) and (mo, =(—0o)) do not belong to FY if mp > 1. 
We again argue by contradiction and assume the existence of 
(i) A sequence {m;} C]1, oo[ converging to mo € [1, oo]; 
(ii) A sequence {z;} C C with Im z; > 0 converging to 0 or to =(—oo); 
(iii) A sequence Y; of nontrivial solutions of 


dy; A 
E + m5; + =_ ae =; (4.62) 


We first focus on the case z; + 0. Normalize again the solutions so that %;(t) is asymptotic 
to e's" for t negative, and to Cje~™" for t positive. 
Observe that in this case we have 4 € L+(] — 00, NJ) for every N, while =4~ enjoys a 


= a 


uniform L' bound on any | — co, N]. We can thus apply Lemma 4.5.2 and conclude the Y; 
can be assumed to converge uniformly to a function w on | — co, N] for every N and that 
likewise Y(t) is asymptotic to e™* for t negative. 

As done previously we multiply the equation (4.62) by ~;, integrate, and take the 
imaginary part. In particular we gain the inequality 


[ i wes- f . 
p (E-—Rez) + (Imz) 7 ~ J, E- Rez) + (Imz) 
Since z; —> 0 and the range of © on [a,b] is bounded away from 0, we conclude that the 


right-hand side is uniformly bounded. In particular, passing to the limit we conclude that 


Z? Aly|? € L' (fb, oof). (4.63) 


ahil E 


Observe however that 


A t Aao t 
ma hie ~% — ala). 
t—o0 =(t) t-00 cje% + ze% 


In particular we conclude that y € L?. Moreover, we can write 
= = —a(2- a) + B 
for a function B which belongs to L!([T, oof) for every T. We thus have that 


—— + (m? — a(2 — &))p + By =0. 
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Recalling that 0 < @ < 1 and mp > 1, we have mj — a(2 — @) > 0 and we can therefore 


apply Lemma 4.5.2 to conclude that, for m := \/m2 — a(2 — a) 
lim e™*yp(t) 
t— oo 


exists, it is finite, and nonzero. Observe however that (4.63) forces e®™|y|? € L', which in 
particular implies that m > Ẹ We next argue as in the derivation of (4.61) to get 


J-E rma) 12 Eren 


We again set w = &n and observe that, by our considerations, 7 decays exponentially at 
—oo, while it is asymptotic to e(-™* at +oo. We rewrite the latter identity as 


feo? + mE? +222) = 0. 
We wish to integrate by parts the latter term to find 


i (EM — n)? + (m2 — 129?) = 0. (4.64) 


Since we have exponential decay of 7 at —oo, while at +oo 7 might grow, the latter 
integration by parts need some careful justification. First of all we notice that 23’? 
decays exponentially at +oo and thus, since the other two integrands are positive, we can 
write 
N 
fee)? + mest? EE) = fim S (E + mosh? + EE). 


N00 J_ 46 


Next, we can integrate by parts the third integrand (before passing to the limit) to write 


N 
[Get + mish? + 25247) 


N 
= f (E = n)? + (m = NH?) + UN WP(N). 
Since =(.V)n(V) converges to 0 exponentially, passing into the limit we conclude (4.64). 
As before this would imply mp = 1 and 7(t) = Cet at +oo, while we have have already 


argued that 7 is asymptotic to e7), which is a contradiction because @ — m < @ < 1. 
We next tackle the case z; + E(—oo). This time we observe that =4— enjoys a uniform 


L! bound on |T, cof for every T and we thus normalize the functions Y; so that w;(t) is 
asymptotic to e™™* for t > oo. Arguing as above, we assume that p; converges uniformly 
on all [T, oo| to a Y% which is asymptotic to e~” and solves 

dèy A 


— Ga tim + SS 


qo (4.65) 
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As above we can assume that w is real valued. Moreover, this time we infer (with the same 


method used to prove (4.63)) 


(= — E(—0)) P? Ay? € L'(R) (4.66) 
A(t) 


t)—=(—oo 


This time observe that, for t sufficiently negative, x = 8. In particular we can 


explicitly solve the equation as 
w(t) = Cre tv mot8 i Coet V mats 


when ¢ is sufficiently negative. However, if C4 were positive, (4.66) would not hold. In 
particular we infer exponential decay at —oo. We can now argue as for the case z; — 0: 
we multiply (4.65) by w, integrate in time and perform an integration by part to infer 


JU- +0") +2 fame? 


We then introduce 7 so that w = (= — &(—oo))n. This time we infer exponential decay for 
7 at both co and —oo. Arguing as above we rewrite the last identity as 


J (E-E)? =m)? + (md — DE- (-00))*4?) =0, 


reaching again a contradiction. 


In order to complete the proof of the proposition we need to show 
(D) If (mo, E(c)) € FY and mo > 1, then either c = a or c= b and moreover we have, 
respectively, mo = VAa Or Mo = V/Ab. 
As before we argue by contradiction and assume the existence of 
(i) A sequence {m;} C]1, oo| converging to mo € ]1, cof; 
(ii) A sequence {z;} C C with Im z; > 0 converging to =(c) for some c ¢ {a,b}; 
(iii) A sequence Y; of nontrivial solutions of 


dy; A 
= =e + m2; + a J” =0. (4.67) 
This time we normalize the w,’s so that 
Josh + males?) = 2. (4.68) 


By Lemma 4.5.2 we know that 7;(t) is asymptotic to p;e™™" for t + too, where pj € 
C\ {0}. Since =(c) has a positive distance from both 0 and =(—oo), we can apply Lemma 
4.5.2 to achieve uniform times 7. with the properties that 


ee ee ee 
[ds(t) — ppe™"| < em Vt> Ty, (4.69) 


|b; (t) — ppe™*| < Piha vt<T_. (4.70) 
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Combining the latter inequalities with (4.68) we conclude that sup, |p;| < oo, and in 
particular {ọ%;}; is tight in L?, ie. for every € > 0 there is N = N(e) such that 


sup f sl? <e. 
j Jitl>N 


The latter bound combined with (4.68) implies, up to extraction of a subsequence which 

we do not relabel, the strong L? convergence of Y; to a function ~. Thanks to Sobolev 

embedding, the convergence is uniform on any compact set and, moreover, y € C'/?. 
Arguing as for (4.59) we infer 


A o 
|en ma = (4.71) 


The latter bound implies w(c) = 0. In fact first we observe that EE ply converges 


in L! on R\Je — 6,c + ô| for every 6. Choosing 6 > 0 so that | A(t) — “ile \| < el io for 
te [c—6,c+ ô] and recalling that |A(c)| > 0, we easily infer that 


cth PAK 
< Vh< ð. 
sap / » Œ- Rez)? + (mz) 


If w(c) were different from 0, we can select a positive h < ô and a positive co with the 
property that |Y (t)|? > 2co for all t € [e — h,c + h]. In particular, for a large enough j we 
infer |y; (t)|? > c for all t € [c — ô, c +6]. But then we would conclude 


cth 1 
sup | — < o0. 
j Jen (€> Rez)? + (Im z;)? 
Since the denominator converges to (= — =(c))’, this is clearly not possible. 
We now wish to pass in the limit in (4.67) to derive that 


-y tmU + =o =0, (4.72) 
where we notice that, thanks to (c) = 0 and the Holder regularity of w, the function 
zaon is indeed in L? for every p < 2. We thus understand the equation distributionally. 
The equation clearly passes to the limit outside the singularity c of the denominator and 
thus we just need to pass it to the limit distributionally in some interval Jc — h, c + h|. We 
write the third term as 


A d A 
j= (Zne - #)) ahs 


aT 24 
d 


A a eee 
=< (inte - 3) 50s) — ln(€ — zaV — ln(2 = aa (S t 


Observe that we can define the logarithm unequivocally because = is real valued and 
Im z; > 0. 
Next, we remark that: 


(i) & is smooth in Jc — h, c + Al; 


RES 
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(ii) In(=—z,;) converges strongly | to n(=—=(c)) in L4(]Je— h, c+hf[) for every q < co; 
(iii) y; > y’ weakly in L?, while y; > w uniformly. 


We thus conclude that =; converges distributionally to 
ae ei 


A A d (A 
P (inte — =(0) 5") —In(=E — SOE — ln(= — =(¢)) 5 (£) y. 


and hence conclude the validity of (4.72). 

Observe next that from (4.72) we infer w” € LP for every p < 2, which in turn implies 
that w is indeed erie for every k < F, In turn this implies that soe is continuous at c, 
so that in particular w is twice differentiable. We thus can argue as for the derivation of 


(4.61) and get 
IG - say) tmi +2 f v=o. (4.73) 


Once again we can set Y = (E — E(c))n and observe that n € W1”, to rewrite the latter 
identity as 


inferring that 7 = 0. 

We thus have concluded that Y vanishes identically, but this is not yet a contradiction 
since the normalization (4.68) and the strong L? convergence does not ensure that ~ is 
nontrivial. In order to complete our argument, note first that, by the monotonicity of =, 
for each j large enough there is a unique c; such that E(c;) = Re z;. We then multiply the 


equation (4.67) by w; — ¥;(c;) to obtain 


| (sh +06) - GE) + 


Wij — 3i(G))) =0. 


T Zj 


Note that c; must converge to c and that the integrals 
fua V5 (bj — p ;(¢j)) 


'Since In(Z — z;) converges uniformly to In(= — &(c)) on any compact set which does not contain c, in 
order to reach the conclusion it suffices to prove a uniform L3 bound on the functions, for every q < co. 
This can be easily concluded as follows. Choose an interval [c—h,c+h] and recall that = does not change 
sign on it. For each j large enough we then find a unique c; € [c — h,c + h] such that E(c;) = Re zj. 
Using the mean value theorem we easily conclude that |E(t) — z;| > |E(¢) — S(c;)| > C7"|t — ¢;| for every 
te [c—h,c+h], where C~! = min{|=Z’(t)|: c—h<t<c+h}. 
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converges to 0 because w; — ~;(c;) converges to 0 uniformly and, thanks to the uniform 
exponential decay of w;, the latter are uniformly bounded in L*. For the same reason the 
first integral in the sum 


A A 
f BEE Ee + I — hb; E) (4.74) 
|t-cl>h = lt-c|<h =~ 4 


converges to 0 for every fixed h. On the other hand, lll) —;(c;)| < Clt- g|! 


Zj 
and thus the second integrand in (4.74) converges to 0 as well. We thus conclude that the 
L? norm of y; converges to 0 as well. This however contradicts the normalization (4.68). 


4.7. Proof of Proposition 4.4.3: Part I 

We set Mo = Ma, 20 = =(a), and we fix a Yo solution of 
do 
dt? 


with L? norm equal 1. Since the operator is self-adjoint we will indeed assume that wo is 
real. We then define the projector Py : L?(R;C) > {syo : K € C} as 


Po(w) = (Y, Vo) Vo - 


Observe that Pp is self-adjoint. Next, in a neighborhood of (mo, zo) we will look for solutions 
of (4.17) by solving 


+ miyo + 


A 
Wo = 0 
0 


— 
k 
m 


yY" + mY + Av + PY) = yo 


(ab, bo) ey 
»Yo) =1 


which we can rewrite as 
=" + mop + eA + Polb) = AUS — 2%) * E =e) 
(p, Wo) =1 


Next we observe that the operator -4 +mé, considered as a closed unbounded self-adjoint 
operator in L? (with domain W?*) has an inverse Kmo: L? —> L? which is a bounded 
operator. We thus rewrite (4.76) as 


a2 — Zo 


Y + Kmo (= + Pa) 
——— mamam 


= Kos AE- -ea e e 


=:—Rm,z(v) 
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The proof of Proposition 4.4.3 will then be broken into two pieces. In this section we will 
show the first part, which we can summarize in the following 


LEMMA 4.7.1. For every u > 0, if (m,z) sufficiently close to (mo, zo) and Imz > 
| Re(z — zo)| then there is a unique y = y(m, z) € L?(R) solving 


We recognize this as, essentially, the first step in the Lyapunov-Schmidt reduction but 
written for the solution ~ rather than the perturbation Y = Y — po. (The second step will 
be to the solve one-dimensional equation (4.86) enforcing (Y, Wo) = 1.) 

Before coming to the proof of Lemma 4.7.1, we single out two important ingredients. 


LEMMA 4.7.2. T is a bounded operator with bounded inverse on the spaces L? and C”, 
for any o €)0, 1[. 


PROOF. Recall that the operator Km is given by the eo voraHiou with seem, Observe 
that Km is well-defined on C7 and so is the multiplication by = am since the latter is a 
smooth functions with bounded derivatives, and the operator Pi(w) = (Y, Popo: for the 
latter we just need to check that Wyo is integrable, which follows from the exponential 
decay of wo, cf. Corollary 4.5.3. 

In this first step we prove that T is a bounded operator with bounded inverse in the 
spaces L?(R) and C° (R). 

Recall that = = = is indeed a bounded smooth function (thanks to the structural 


assumptions on =: in particular recall that ='(a) # 0 and A(a) = 0, which implies that 
sa is in fact smooth at a). Moreover the function and its derivatives decay exponentially 
at +oo. It follows therefore that Y œ> Km (= av + P9(w)) is a compact operator, both on 
L? and on C°. Thus T is a Fredholm operator with index 0. We thus just need to check 
that the kernel is 0 in order to conclude that it is invertible with bounded inverse. In both 
cases we need to show that the equation 


A 
- aa + MEY + =— (a) 
has only the trivial solution. Observe that the kernel V of the operator Y => ty $ tmy + 
za! is 1-dimensional by Lemma 4.5.2 and Corollary 4.5.3. In on V is generated 


Y+ Ply) =0 (4.79) 


by wo. Since the operator Pp is os ee projection onto V and — L Em + E 
is self-adjoint, the kernel of -£ +mt+e ag y + Py in L? must be trivial. 
In order to argue that the kernel is 0 on C7 we apply a variation of the same idea: first 


we observe that if Y% is a C7 solution of (4.79), then OK + Po(w) is also in C? and 
hence Y” € C7. Observe also that the operator is self-adjoint and thus we can assume that 


w is real-valued. We then multiply both sides of (4.79) by wo, ues Tate by parts and use 


the fact that wo is in the kernel of the self-adjoint operator — -a m + sir j conclude 
that ((w,Wo))? = 0. But then y is a bounded solution of — a + may + z a Sam = 0. 
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Given that TOL is a Bi of an exponentially decaying function and a bounded 


function, we conclude that — a + maw is an exponentially decaying function f. We thus 
have Y = Kml f) + Cpe7™ + Coe! for two constants C4 and Cy. However Km (f) decays 
exponentially at both too and thus, given that w is bounded, we must have C = Ch = 0. 
In particular w decays exponentially at both too and so it is an L? function. But we 
already saw that every L? solution is trivial. 


LEMMA 4.7.3. For every constant u > 0 we define the cone C, := {z : Imz > p|Re(z— 
zo)|}. Then 


z€Cy,,(m,z)—+(mo,20) 


where ||L\|o is the operator norm of L when considered as a bounded operator from L? to 
2 


PROOF. Clearly, it suffices to show that 
lim = ||K,,, 0 (A/(E — z) — A/(E = 20))|lo = 0. (4.81) 


z€C yz 20 
We can rewrite the operator as 


ur Kno (Ze oe =) 


First of all observe that the operators 


EEA A(z — zo) 


E- jE)" 


are bounded in the operator norm uniformly in z € C,, by a constant M. Moreover, we 
can see that the adjoint operator is given by L?(q) = ee oy converges strongly in 


L? to 0: indeed the functions aoe are uniformly bounded and they converge to 0 on 


R\ {a}. We now use an argument entirely similar to that used in the proof of Lemma 3.3.2: 
given any € > 0 we fix the orthogonal projection Py onto a finite-dimensional subspace V 
of L? with the property that ||Kin, © Px — Kmo|lo is smaller than 55>. We then argue that 
for |z — zo| sufficiently small Py o L, has operator norm smaller than $. Having chosen an 


orthonormal base w,..., Wy for V, we recall that 


Py(%) = Lith Pe 


(where (-,-) denotes the scalar product in 1. Therefore our claim amounts to show that 


bi, LAY) S oy 
for z sufficiently close to z and every w with ||w||;2 e 1. For the latter we use 


bi, Llb) = KEZ) p < Elz. 
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PROOF OF LEMMA 4.7.1. We rewrite the equation that we want to solve as 
Y + T o Rin,z(W) = T O Km (Wo) : 


Note that Po(Wo) = wo. Furthermore, since Km, is, by definition, the inverse operator of 
=A + mé Id, 
A 


= — 2% 


Kino (vo + King (==) = — po + mobo + to = 0. 


Therefore, 


Wo F Kmo ( 
In combination with the definition of T in (4.77), we get 


A 
T (wo) = Wo + Kmo z= vo + Wo — King (Yo), 
Zo 


— 
= 
os 


wo) = 0. 


= 
= 
a 


in other words, 
T o Kma (Yo) = Yo. (4.82) 

Therefore, (4.78) becomes 
Gar iore ei (4.83) 
so the existence of a unique solution is guaranteed as soon as |T} o Rm,z|lo < 1. 


REMARK 4.7.4. In the remaining part of the proof of Proposition 4.4.3 we will take 
advantage of the representation of w as a function of Wo through the Neumann series coming 
from (4.83). More precisely, our proof of Lemma 4.7.1 leads to the following representation: 


b = bo — (T™ o Renz) (bo) + XC (-1)(Lt © Rm)" (ho) « (4.84) 


k=2 
4.8. Proof of Proposition 4.4.3: Part II 


We now complete the proof of Proposition 4.4.3. The positive parameter u > 0 in 
Lemma 4.7.1 will have to be chosen sufficiently small: its choice will be specified in a 
few paragraphs, while for the moment we assume it to be fixed. We set Mmo = Ma and 
zo = =(a). Thus, for each (mo + h, z) in a set 


Us, := {|h| < ô, |z — zo| < ô, Imz > p|Re (z — 20)|} 


we know that that there is a solution Y% = Y(mo + h, z) of (4.78) which moreover satisfies 
the expansion (4.84). We then define the function 


H(h, z) = (pmo F h, z), Wo) ; (4.85) 
and obviously we are looking for those z which solve 
H(h,z) =1. (4.86) 


The main point of our analysis is the following 


70 4. LINEAR THEORY: PART II 


LEMMA 4.8.1. The function H is holomorphic in z and moreover 
H(h, z) = 1—2m,h+ c(a)(z — zo) + o(|z — zo| + |R|) (4.87) 
where c(a) is a complex number with Imc(a) > 0. 


The coefficient c(a) is computed in (4.94) and is, in fact, 1/21 from (4.35) with Imz; < 0 
and mı = —(2mo)~!. The formal computation involving the Plemelj formula to ob- 
tain (4.35) will appear in the calculation of c(a) below. 

Given Lemma 4.8.1, consider now €(h) which we obtain by solving c(a) (€ — zo) = 2m,h, 


namely, P aah 
Ma Ma 
d= as er 
W= a a 


The idea behind the latter definition is that, if the term o(|z— 2ọ|+ |A|) vanished identically, 
z = €(h) would be the solution of H(h,z) = 1. Even though o(|z — zo| + ||) does not 
vanish, we nonetheless expect that the solution z of H (h, z) = 1 is relatively close to €(h). 
Since Im c(a) > 0, €(h) has positive imaginary part if h < 0. In particular we have 
Im €(h) > yA] Vh <0. 
where y is a positive constant. We then rewrite 
H(h, z) = 1 + e(a)(z — &(h)) + o(lE(h) — zo| + h) +0(]z — €(h)|) - 
$< 
=:r(h) 
Consider the disk Dp := {|z—&(h)| < 26|h|}, for a suitably chosen constant 6 > 0. We will 
show below that adjusting the constants u and 8 suitably, the disk will be in the domain of 


the holomorphic function H(-, z). Leaving this aside for the moment, by Rouché Theorem, 
if we choose h sufficiently small the set H(h, Dp) contains a disk of radius |c(a)|Gh centered 


c(a) + zo. 


at 1+r (h). But then for h sufficiently small we also have |r(h)| < le alai and so we conclude 
that 1 € H(h, Da), namely that there is a point z(h) in the disk Dp which is mapped in 
1 by A(h,-). This would then complete the proof of Proposition 4.4.3 if we were able to 
prove that Im z(h) > 0. We therefore need to show that D, is in the domain of H(h,-), 
namely, 
Imz > p|Re (z — 2)| Vz € Dp. 

We first estimate 

Imz > Im€(h) — 26|h| > (y — 26) Ih]. 
Then 


Rez ~ zol < EC) ~ zal + lz = E) < (Gee + 28) Ih. (4.88) 
We thus conclude that 


y= 28 
maeth e a Tr 


Thus it suffices to choose 8 = 3 and p = 


|Re (z(h) — 20)|. (4.89) 


ee This guarantees at the same time 


the existence of a solution and the fact that z(h) has positive imaginary part when h < 0 
(which results from combining (4.88) and (4.89). 


4.8. PROOF OF PROPOSITION 4.4.3: PART II 71 


In order to complete the proof of Proposition 4.4.3 we therefore just need to show 
Lemma 4.8.1. 


PROOF OF LEMMA 4.8.1. In order to show holomorphicity we just need to show that, 
for each fixed z, 


z => X (=T o Rm)" 
k=0 


is holomorphic. Since the series converges in the operator norm, it suffices to show that 
each map z ++ (—T~! o R,,,,)* is holomorphic for every k, for which indeed it suffices to 
show that z ++ Rm,z is holomorphic. This is however obvious from the explicit formula. 
We therefore now come to the Taylor expansion (4.87). 


Step 1 We will show here that 
[Rmo+nellecor) < Ca) (|h] + |z — zol) (4.90) 


for every ø €]0,1[, where ||Z||c(ce) is the operator norm of a bounded linear operator L 
on C°. The estimate will have the following consequence. First of all using (4.84) and 
I|WollZ2 = 1 we expand 


H(h,z) =1—(T7* o Rmo+h,e(bo), bo) + X ((-T o Rmo+h,z)*(tho), Vo} - (4.91) 
k=2 


=:R1(z,h) 


Hence using (4.90) we estimate 


|Ri(z,h)| < $. I(T © Rimo+h.e)* (bo) |hooll Poll 22 


< C X UIT [ce|Rmornzllecery)*|lbollee [loll 2 


k=2 


= o(|h| + |z — zol) , (4.92) 


for some fixed ø. In order to show (4.90) we write 


1 A 
Rengshe(W) = (2 = 20)Kmo(=——(S——w)) + (moh + h?)Kng(W). 
Since = is smooth, it suffices to show that the operators B, := Kmo 0 s+ are uniformly 


bounded in L(C?). We first fix a smooth cut-off function y € O(a — 2,a + 2[) which 
equals 1 on [a — 1,a + 1] and write 


1- 
B, = B! + B? = Kmo 0 (=—") + Km 0 (= k 
D= 


a Zz 
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But since (1—y)/(EZ—z) enjoys a uniform bound in C*, it is easy to conclude that || B}|| cice 
is bounded uniformly in z. We thus need to bound 


(C7) 
1 ma e) 
B2 = mo|t—s| 
10 = ge J e vle)as 
We first bound ||B?||,<. We write z = x + iy and, since x is close to a, we select the only 
a’ such that =(a’) = x and write 
1 —molt—s| 2(8)(Y(s) — ¥(a’)) 
B? ja ae = — ds 
MO omg EG) -@) — wy 


al 


=: (t) 
! 
ae pla’) pana p(s) 
2Mo 
Writing +. = 44 h(E 


=(s)- z i 
) 
me 


:I2 (t) 
— z) we can integrate by parts to get 


T 


emmeli- (E'(s))-! (Es) — 


z)p(s) ds 
=:I21(t) 


d 
= fmt S(s) = EENT) ds 
ds 
lll 
=:12,2(t) 

and use the uniform bound for In(=(s) — z) in L!([a — 2,a + 2]) to conclude that |I>1| and 
|I2ə| are both bounded uniformly. As for J4, note that, on any compact interval K around 
a’, we have, since ©’ is continuous and =’ < 0 


|E(s) — S(a 


xcek i 
Therefore by the mean value theorem, for all s € K, there exists a 1 = (s) € K such that 
— iy| = 


C(K) = inf |2 (x)| = — max F(x) > 0 


vy + (E 


B(a’))? 
> |E(s)- = 


By the definition of the Hölder semi-norm, we thus have, for all s € K 


P ) 
vs) — ¥(@) 


= 


Le 
B(s) -Eo —wy| = 


C(K)|s — a’|!-¢ 
which is integrable. Furthermore, outside of K the integrand of Jı is bounded and decays 
exponentially, therefore one can uniformly bound I; 
We next wish to bound the seminorm 
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We write 
BIV) — BIE) = (AG) = H(t) + y'a) lt) — b(t’). 
Using that |e~™ols! — e~™ol#’—sl| < Clt — t'| we can bound 
v@)| 


O= he) sce eI fs 


ds < Cl|¥||celt = t'l. 
Similarly we can write 


M(E) - EEH) ds < Cl- t'l. 


I(t) — Bat) < Clt- t! f 


Next denoting the function (=’(s))~1 


further 


g(s) In(E(s) — z) by B(s) we assume t > t and write 


Toi (t) — balt) = mo( f e ™o(s—t) B(s) ds -f e mols—t!) B(s) ds ) 
t A 


Then we choose p = +, let p’ be the dual exponent and estimate 


o 


LEOL CH- f7 BOlds+ f BOs 
schi- HIB ol Bll . 
A similar estimate for J_(t, t’) finally shows the existence of a constant C such that 
[BEE — BIEI < Cll|lee (lt — t| + |t- #11") . 
Clearly this implies 
|B) — BE) < Cleloelt -t7 ift- t] <1. 
On the other hand we can trivially bound 


|B E) — BEW)(#)| < 2B < Cllvllee|é— |? if t-t] 2 1. 


Step 2. In this second step we compute 


T Raah bo) = 0 Km (A((E — 2)~* — (S — 20)7") 0) , Ho) 
+ (2moh + h*)(T* o Kg (40), Wo) - 
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Recalling (4.82) (and using that Kmo is self-adjoint) we rewrite the expression as 


(T'R m,z(V0), bo) = (2 — zo) (T7? 0 Km (A(E — 2) (ES — 20) 0); Yo) 


tL 2mh + hk? 
= (z — 2) (A(E = 2) (E = 20) Po King © (TY o) 
+ 2map + h? 
= (z — 2) (A(Z — z) 1 (S — 29) “to, Yo) +2mah + h”. (4.93) 
SS 


=:G(z) 


We thus want to show that the following limit exists and to compute its imaginary part: 


1 A(s) 
= lim = ds. 4.94 
ni 2>0,2-48 (2) Jax =(s) — zlvols Ë =(s) — E(a) oa) 
Observe indeed that inserting G(z) = —c(a) + o(1) in (4.93) and taking into account (4.91) 


and (4.92) we conclude that (4.87) holds. 
In order to compute c(a) we observe first an 


A(s) 
$(s) := Iols) = 
2(s) — =(a) 
is smooth and decays exponentially. We thus rewrite 
1 
Glz) = | =~ ds. 
@)= | ggat) 
Next we decompose z into its real and imaginary part as z = x + iy and observe that 
l : =(s)— z 
lim ReG(z)= lim s) ds 
Im z>0,z>E(a) (2) _ dim | (S(s) — x)? + pet ) 
Here we are only interested in showing that the limit exists and we thus fix a cut-off 
function y € CX (Ja — 2,a + 2[), identically 1 on [a — 1,a + 1] and split the integral into 


o 
= 


= =(s) — S S S 
Re G(z) - | oo )p(s)d 


o 
= 


E(s)—2 sae 
+f ae od y(s)) ds. 


The second integral has a limit, while in order to show that the first has a limit we write 


E(s) —2« o 1 d alle — 2)? 2 
eo e. ea) i): 


We then integrate by parts and use the fact that In((E(s)—x)?+y?) converges to 2 In |(E(s)— 
=(a)| strongly in L4([a — 2,a+ 2]) for every q to infer the existence of the limit of the first 
integral. 
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As for the imaginary part we write instead 


é ™ yY 
lim ImG(z)= lim s)ds. 4.95 
Im z>0,z5 (a) ( ) x5 (a),yl0 (=(s) — xr)? + pe ) ( ) 


We wish to show that the latter integral converges to 


soi ds _ Trola) 
(= 00) AT Ball e 


On the other hand ¢(a) = |wWo(a)|?A’(a)(=’(a))~*. Since A'(a) > 0 and =’(a) < 0, we 
conclude that c(a) exists and it is a complex number with positive imaginary part, which 
completes the proof of the lemma. 

It remains to show the convergence of (4.95) to (4.96). First observe that for each x 
sufficiently close to =(a) there is a unique a’ = =~!(x) such that =(a’) = x. Changing 
variables (s becomes a’ + s), the integral in (4.95) becomes 


y 
d 4.97 

| (Ela! + 8) ea apl eet) 
and we wish to show that its limit is J as (a’, y) > (a,0). Next, fix any ô > 0 and observe 
that 


; y 
lim 
y> Jiz (Ela a) a) +y? 
uniformly in a’ € [a — 1,a + 1]. We therefore define 
i y 
I(6,a’, si — a' + s) ds 
ETETE E 
and we wish to show that, for every £ > 0 there is a ô > 0 such that 
lim sup |I(6,a’,y) —I| < Ce, (4.98) 
(a’,y)L-(a,0) 
where ČC is a geometric constant. We rewrite 


o(a’+s)ds=0 


—1 


ôy 1 
raa) = | rE la + ys) 3 
sy Y (Ela + ys) — B(a’))? +1 
Fix now € and observe that, since =’ and @ are continuous, if 6 is chosen sufficiently small, 
then 


ds. 


((E'(@))? = e°)” <y El + ys) — E(a’))’ < (Ela te) (4.99) 
|o(a’ + ys) — ġ(a)| < €. (4.100) 
for all |a" — a| < ô and y|s| < 6. Choosing ¢ > 0 so that £ < Ea we easily see that, when 


|a’ — a| < 6, we have 
=i 


ôy 5 
HOC | i 


e eaa 
a EWS 


In particular, as y | 0, we conclude (4.98). 
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4.9. Proof of Proposition 4.4.5 
We reduce the proof of Proposition 4.4.5 to the following lemma. 


LEMMA 4.9.1. Consider G := {m > 1,m 4 Ma, Mm» : Un # O}. Then G is relatively 
open and relatively closed in |1, co[\{ma, mo}. 


Proposition 4.4.5 is an obvious consequence of the latter lemma and of Proposition 4.4.3: 
Lemma 4.9.1 implies that G is the union of connected components of [1, co[\{ma, mp}. On 
the other hand the connected component |m, mal intersects G because of Proposition 4.4.3 
and thus it is contained in G. We thus complete the proof of Proposition 4.4.5 showing 
Lemma 4.9.1 


PROOF OF LEMMA 4.9.1. We start with some preliminary considerations. Fix an in- 
terval |c, d] C]1, co[\{ma, mp}. Recalling Proposition 4.1.4 we know that, since the operator 
norm of Lm is bounded uniformly in m € [c,d], 

(a) There is R > 0 such that Yn C Br(0) for all m € [c,d]. 
However it also follows from Proposition 4.4.1 that 
(b) There is a ô > 0 such that Y, C {Imz > 6}. 


Step 1. We first prove that G is relatively closed. To that end we fix a sequence 
mj + m €]1, oo[\{ma, mp} such that m; belongs to Œ. Without loss of generality we can 
assume {mj} C [c,d] C]1,oo[\{ma,mp}. For each mj we can then consider z; E€ Ym, 
which by (a) and (b) we can assume to converge to some z € C with positive imaginary 
part. We then let Y; be a sequence of nontrivial elements in L? such that 


A 


oT 25 


— oh + miy + wv; =0, (4.101) 


and normalize them to ||~,||,2 = 1 Since Im z; > 6 > 0, the sequence of functions e 


enjoy uniform bounds in the spaces Lt and C*. We can then argue as in Section 4.6 to 
find that 


(i) |v; ||z2 enjoy a uniform bound; 


(ii) There are uniformly bounded nonzero constants {C7} with the property that p; 


is asymptotic to Cer and 00; 
(iii) There is a Tọ > 0 independent of j with the property that 


i Cel 
=Car" < ial 5 emit Vtt>T. 


These three properties together imply that a subsequence, not relabeled, converges strongly 
in L? to some 7. Passing into the limit in (4.101) we conclude that 


AA A 
y" + my -Ṣ =r 50. 


This shows that z € Ym, i.e. that m € G. 
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Step 2. Here we show that G is relatively open. To that end we consider some 
sequence Mmj — m €]1,oo[\{ma,m} with the property that m; ¢ G and we show that 
m ¢ G. By (a) and (b) above, it suffices to show that the domain 


A := {|z| < R: Imz > ô} 


does not contain any element of spec (Lm). Observe first that, since we know that it does 
not intersect y = OA, the distance between y and any element in spec (Lm) is larger than 
a positive constant €. Recalling that the spectrum on the upper half complex space is 
discrete, we have that 


oS ce — 2) dz 
y 


is a projection on a finite-dimensional space which contains all eigenspaces of the elements 
z € spec (Lm) N A = m%, = {Mz : z E Ym}. And since all such elements belong to the 
discrete spectrum, Yp, = @ if and only if P,, = 0. On the other hand 


Pn; := ce —z) ‘dz 


7 
equals 0 precisely because m; ¢ G. We thus just need to show that Pn, converges to Pm 
to infer that m € G. The latter follows from the following observations: 
(i) Since y is a compact set and does not intersect the spectrum of Lm, there is a 
constant M such that ||(Lm— z)~*|lo < M for all z € 7; 
(ii) Lm; converges to Lm in the operator norm; 
(iii) Writing 


(Lm; ~~ zy 
= (Id + (Lm — 2) (Lm; — Lm)) Lm — 2)"; 
when ||Lm; — Lml|le < zz we can use the Neumann series for the inverse to infer 


sup Cae = By = (La = z) ‘Ilo < C||lm — Lm; llo; 
zey 


for some constant C independent of j. 


We then conclude that Pm; converges to Pm in the operator norm. 


REMARK 4.9.2. An immediate outcome of the argument above is that the sum of the 
algebraic multiplicities of z € Wp, as eigenvalues of m~!L,,, is constant on any connected 
component of ]— o0, co[\{m., Mme}. Indeed, it coincides with the rank of the operator Pn 
defined in Step 2. 


4.10. Proof of Lemma 4.4.7 
We start by observing that 
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In fact, since A = =" + 2=, the identity follows from the classical solution formula for first 
order ODEs with constant coefficients once we show that the right hand side and the left 
hand side coincide for all sufficiently negative t. The latter can be verified with a direct 
computation using that =/(t) = —2c 2” for all t sufficiently negative. 

We next read the conditions for = € @ in terms of A to find that it suffices to impose 

(i) At) = A for all t sufficiently negative; 

(ii) A(t) = —a@e~ for all t > In2; 
(iii) There are exactly two zeros a < b of A and A’(a) > 0, A’(b) < 0; 
(iv) JÉ e247 A(r)dr < 0 for every t. 


Note indeed that, by imposing =(co) = 0, with a simple computation we can determine 


=(—oo) as 
E(—oo) = -f Spars =f A(r) dr 


oO oO 


and moreover (using =’ < 0, which follows from (iv)) we conclude that the conditions 


(i)-(iv) ensure N 
| A(r)dr <0. 


OO 


We next fix a = 0 and b = ; and rather than imposing (iv) we impose the two conditions 
(v) P e” A(T)dT = — 
(vi) max A < +. 
Observe, indeed, that (iv) is equivalent to 
t 
i, e” A(r) dr <0 


and that, since A is negative on | — œo, 0[ and ]5, oof, the integral on the left-hand side is 
maximal for t = $. We then can use (v) and (vi) to estimate 
1 


1 
[ e” A(r) dr < —1 + 5 max A < =. 


We next recall that, by the Rayleigh criterion, 
A 
—Ag = min , La af ( ‘? + =n 
ie u= nie =i KEIR 2—2 

We test the right-hand side with 
0 for |t| > 


NI= 


V(t) = 
V2cos(rt) for |t| < 


Nie 


We therefore get 
1/2 


A(t) 
See 2r F 2 | ~ cos? rt dt. (4.102) 
—1/2 E(t) — =(0) 
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Next, for any fixed positive constant B > 0, we impose that A(t) = Bt on the interval 
|- VB 0] and we then continue it smoothly on [0, oof so to satisfy (ii), (iii), and (v) 
on [0, oo| (the verification that this is possible is rather simple). We also can continue it 


smoothly on |—oo, VB |] so to ensure (i). In order to ensure (v) as well we just need to 
show that 


The latter is certainly ensured by 


0 0 
1 
f e” A(r) dr > f A(T) dr =—--. 
-vE =a 2 


Now, observe that =/(0) = i e” A(r) dr = —1. Fort €] — JB, O[ we wish to estimate 


= 


=’(t) and to do it we compute 


t 0 
| e” A(T) ar- f| e” A(r) dr 


OO —oo 


+(e — 1) i e” A(T) dr 


2VB z 
<2 pe 


which can be ensured by taking B sufficiently large. In particular — 
tej- VB `, O|. We thus conclude that 


t = 
-2% < 3(t)-E(0) < -4  Yte]- vB * o. 


In turn the latter can be used to show 
A(t) B 


vte]-VB Of. 


=(t)-=(0)7 2 
Since EO is otherwise negative on | — 5, 3[, we conclude 
0 
— àa < 27? — 2f B cos? rt dt. (4.103) 
zB 


By taking B large enough we can ensure that cos? mt > i on the interval ] — VB „Of. In 
particular we achieve 

=), < On — VB. 
Since we can choose vB as large as we wish, the latter inequality completes the proof of 
the lemma. 


CHAPTER 5 
Nonlinear theory 


This final chapter will prove Theorem 2.5.1 and hence complete the argument leading 
to Theorem 1.0.1. To that end we fix a choice of Q, V, m and 7 as given by Theorem 2.4.2, 
where @ > 0 is a large parameter whose choice will be specified only later. We moreover 
fix a suitable subspace X of L?, and we will prove an estimate corresponding to (2.46) in 
this smaller space. 


DEFINITION 5.0.1. We denote by X the subspace of elements Q € LŽ, for which the 
following norm is finite: 


lOllx = Ollz2 + [la[VOQl [22 + [[VOl]z4. (5.1) 


The above norm has two features which will play a crucial role in our estimates. The first 
feature is that it ensures an appropriate decay of the L? norm of DQ on the complements 
of large disks R? \ Br. The second feature is that it allows to bound the L® norm of Q 
and V(K2 xQ) and to give a bound on the growth of Kə * at infinity. More precisely, we 
have the following: 


PROPOSITION 5.0.2. For all k €|0,1|, there is a constant C(K) > 0 such that the 
following estimates hold for every m-fold symmetric Q € X: 


C(k) 
|V (Ke *Q)(x)| + JQ(x)| < T+ |e)" 


|g * Q(x)| < CIIQ]||x min{ |z|, 1} Va eR. (5.3) 


Olly Vee R? (5.2) 


The aim of this chapter is therefore to give the bound 
||Qper,k C, T)||x < e7(20+ô0) YT < To (5.4) 


for some appropriately chosen constants d9 > 0 and 7 < 0, independent of k. Of course 
the main difficulty will be to give the explicit estimate (5.4). However a first point will be 
to show that the norm is indeed finite for every 7 > —k. This will be a consequence of the 
following: 


LEMMA 5.0.3. Provided do is large enough, the eigenfunction n of Theorem 2.4.2 belongs 
to C? (R? \ {0}) and satisfies the pointwise estimates 


IDin(a)| < CA + |x|) 7? Yr, Yj € {0,1,2}. (5.5) 


In particular n € C1(R?) and its first derivatives are Lipschitz (namely, n € W®>™(R?)). 
Moreover Kə x n € L?. 
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One relevant outcome of Lemma 5.0.3 is that the bound (5.4) holds at least for r 
sufficiently close to —k, given that Qper,«(-, —k) = 0. The main point of (5.4) is then that 
we will be able to deduce the following estimates. 


LEMMA 5.0.4. Under the assumptions of Theorem 2.5.1 there is a constant Co (in- 
dependent of k) such that the following holds. Assume that T < 0 is such that for all 
T € |-k,7] we have the estimate 


Paez ere (5.6) 
Then 
Ee (5.7) 
eona e Coe” , (5.8) 
[Daa Taa Coe". (5.9) 


With the above lemma we easily conclude (5.4) (and hence Theorem 2.5.1). Indeed 
denote by Tą the largest non-positive time such that 


[[2pere(-, Tlx < et Yr © [—k, te]. (5.10) 
Then we must have 
II 2per,&(+s Th) Lx = ea, (5.11) 
On the other hand, summing the three estimates (5.7), (5.8), and (5.9) we conclude 
neces) ae = Correos (5.12) 


for some constant C independent of k. However (5.11) and (5.12) give e®™ > C7}, i.e. 
Tk > =m C, implying that (5.4) holds with 7 := =ni C. 

After proving Proposition 5.0.2 and Lemma 5.0.3, we will dedicate two separate sections 
to the three estimates (5.7), (5.8), and (5.9). The first estimate, which we will call baseline 
estimate, will differ substantially from the other two, and to it we will dedicate a section. In 
order to accomplish the gain in the exponent in (5.7) we will use crucially the information 
on the semigroup which comes from Theorem 2.4.2 and Theorem 3.0.4, namely, that the 
growth bound w(Lss) is precisely ao (i.e., the growth achieved by iin). Since, however, 
the terms in the Duhamel’s formula depend on derivatives, we need to invoke an a priori 
control of them, which is present in the norm ||- ||. Indeed, one such term experiencing 
the derivative loss arise from the nonlinearity is the following: 


f el he (Ko e ar Vaalas de: (5.13) 
-k 
Note that ||- || x also includes the weighted L? norm |||z|DQ||;2 because we encounter a term 
where DQper,x is multiplied by the function V”, which grows at oo like |x|'~* when @ €]0, 2[. 
In order to close the argument we then need to control the L^ norm and the weighted L? 
norm of DQper- The latter estimates will not be accomplished through a growth bound 
on the semigroup e7“*s (which would invoke controls on yet higher derivatives), but rather 
through some careful energy estimates. The structure of the problem will then enter 
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crucially, since the term (Ky * Qyper): VO which we need to bound in the energy estimates 
will take advantage of the improved baseline estimate on the L? norm. The above term, 
which is responsible for the creation of unstable eigenvalues, actually gains a derivative. 
Finally, there is one remaining difficulty when estimating DOQper,, due to the transport 
term. Namely, differentiating the equation in cartesian coordinates contributes a term 
(0,V) - VQper,k, Which could destabilize the estimates. We exploit the structure of the 
problem again in a crucial way by estimating angular and radial derivatives, rather than 
derivatives in cartesian coordinates, and by estimating the angular derivatives first and the 
radial derivatives after. 


5.1. Proof of Proposition 5.0.2 


We start by bounding |Q(z)|. Since W!4(B,) embeds in C'/?, the bound |Q(x)| < 
C||Q||.x is true for every x € By. Consider further R := lel > 1 and define ugly) := Q(Ry). 
In particular let B := Bı(%) and notice that 


urllzaey = RQ] z2Ba@ < RIS, (5.14) 
|| Durllzaa) = ||DQ||z2@aey) < RIII |D"lz2(Baw) < RIS] , (5.15) 
|| Durlas) = RY? || DOL z4(aq(e)) < RY? |OQllx (5.16) 


y in ion 1_A4 1-A 
By interpolation, for = = ¢ + -7^ we have 
|| Durllzeœ@) < Cl]Q|| eho ote Ue. 


Choosing p very close to 2, but larger, we achieve ||Dupr||ze(8) < CR7'**||Q||x. Since the 
average of ur over B is smaller than ||url||z2(8) < CR|||Q||x, from Poincaré we conclude 
|Wrllwiece) < CR***||Q||x. In particular using the embedding of W!” in L we conclude 


lurllz=) < CR Ql - (5.17) 


Since however |Q(x)| < ||ur||z=(B), we reach the estimate 
C 
I2(z)| < pj lex (5.18) 


Note that the constant C depends on «K: «K is positive, but a very small choice of it forces 
to choose a p very close to 2, which in turn gives a dependence of the constant C(p) in 
(5.17) on K. 
We next come to the estimates for V Ko * Q. First of all, observe that 
VK? * Ql[z2 SCYOQl]z2 < C]Qllx 
| °K * Olze + ||D?Kz * Olz SCID 2 + CIDA < CIA 


and thus |V K2 * Q(x)| < CI|Q]|x follows for every x € By. Consider now |x| > 4, set 
= lel and let y € C%(Bor(x)) be a cut-off function identically equal to 1 on Bg(zx) and 
w € CS (Bzr) equal to 1 on Br. We choose them so that ||D*w||co +||D* yl|co < C(k) R=. 
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We split 
VK: * 0 = VK * (pQ) + Vo * (WO) 4+ Vo * (1 —-y—-wv)Q) =: FL + Fo + F. 
We have 
Fillte < ClleQllzz < CIl 
|DFillz2 < CIDP) < CR“ |Ollz2 + CllpDQ||z2 < CR™||Q||x 
|DFillzs < Cl|Q|]x. 


The argument used above implies then |Fi(x)| < C(«)|2|*~"|/O||x. As for estimating Fy 
we observe that F> is harmonic outside Bəg. On the other hand ||F>||z2 < C||Q||x. Using 
the mean-value inequality for harmonic functions we then get 


1 C 
F: < Fo| < =|[OQllx. 
ROIS amp Jy, P < lolx 


As for F; we write, using the bound on |Q| and |VK (x2 — y)| < Clz — y|7?, 


C(K) [Ql x 
KOES OC) IO 
R2\(Bor(z)UBop) |£ — Yl?ly| 
< f CENAS 
(RA\Bar)n{le-ylzll} [Y7 
+ | Cw) 
(MAbs E =u 
= Clx 


= Ri-k 
Recalling that Kə * (0) = 0, integrating (5.2) on the segment with endpoints 0 and x 
we conclude (5.3) for |x| < 2. In order to prove the bound when |z| > 1, fix a point y with 
3R := |y| > 1. Let y be a radial cut-off function which is identically equal to 1 on Br(0), 
is supported in Byr(0) and whose gradient is bounded by CR~!. We then write 


Ko x Q = Ko * (Y9) + Ko * ((1— y)Q). (5.19) 
Since the distance between y and the support of YQ is larger than R, we can estimate 


C 
Ka (eM E f A < CIA < COl: (5.20) 


Next observe that, by Calderon-Zygmund, 
| D? a * (Q0 — p))llz2 = D(A — 9) 2) [22 


IA 


|Qllz2 + Cl] DO|l 22 @\ BR) 


IA 
BABA 


2 
z 
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Since (1 — y)Q belongs to L?,, the average over B of Ky * ((1 — y)Q) equals 0. Hence 
we conclude from Poincaré inequality and Calderon-Zygmund that 
|| Ko * (Q = p)Q)|lz2(@) < CRD Ro * (1 — 9) Q)[lz2(@) 
< CR|(( = 9)Q) [22 - 
< CR||Q||x. 


From Gagliardo-Nirenberg interpolation inequality applied on B we have 


[K2 * (= p)Q)|e= a) < CIID?K * (20 — y)) ZI Ke * (1 -AYI 


C 
+ pila * (A -= Alles < Clll. 


5.2. Proof of Lemma 5.0.3 


The proof of the estimates for 7 and its derivatives can be found below. 

As for the second conclusion of the Lemma, observe that, by going back to the solutions 
We k, it follows from the regularity and decay of the initial data in (2.20) (just proved in the 
above lemma) and the regularity and decay of the forcing term f for positive times, that 
Wer E C( (ty, T], X) for every T > ty. Given the explicit transformation from ws, to Qe, we 
conclude that Qs E€ C([—k, T], X) for every T > —k. Since the same regularity is enjoyed 


by Q on [—k, T] (the latter is in fact smooth and compactly supported on R? x [—k, 7]) 


and by Qin, we infer that Oper,~n = Qe, — Q — Qin belongs to C([—k, T], X). 


PROOF OF THE FIRST PART OF LEMMA 5.0.3. Consider 7 € L?,, for m > 2 as in 
Theorem 2.4.2 and write it as (6,r) = O(r)e*™® when bo 4 0 or (8,7) = B(r)e*™ + 
0(r)e*® if by = 0 (where J denotes the complex conjugate of 7). In both cases J(r)e*™ 
is an eigenfunction and through this property we will show that it satisfies the estimates 
of the Lemma. We can therefore assume without loss of generality that n(x) = 0(r)e*™. 
We will also see that the argument leads in fact to estimates (5.5) with km replacing m 
and hence without loss of generality we assume k = 1. Furthermore an outcome of the 
argument below is that 7 is smooth except possibly at the origin. Note moreover that after 
having shown the pointwise bounds (5.5) for 7 outside of the origin, the W” regularity 
of 7 follows immediately: indeed 7 and Dyn can be continuously extended to the origin by 
setting them equal to 0, hence showing that 7 € C'(B,), while the uniform bound of |D?n| 
in B, \ {0} easily implies that Dn is Lipschitz. 


Step 1. Exponential coordinates. We recall that the distribution Kə * 7 is 
well defined, according to Lemma 2.4.1, and its action on a test function in is given 
by integrating the scalar product of the test with a function v € Wi? (R?, C?), cf. the 
proof of Lemma 2.4.1 in the appendix. It follows from the argument given there that 
Rog/mU(Roe/mt) = v(x). Given that divV = 0, —V~ is the gradient of a continuous 
function, which is determined by its value w at the origin. w inherits the symmetry and 
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can thus be written as Y(0,r) = f(r)e””’. We thus conclude that 


2 
p=" + 7 - of (5.21) 
Fo _ imf O 


"=r 0 r Or 2g 


Observe moreover that v € Wh? implies f”,£, £ € L2.. Therefore f is determined by 


loc 3p? r2 loc’ 


(5.21) and the boundary conditions 


(a) f(0) = 0; 
(b) fe For dr < œ. 


(observe that condition (b) implies f’(0) = 0 when f € C! and we can therefore interpret 
it as a surrogate for a boundary condition). We recall also that we have the estimate 
||D?~||z2 < Cilðllz2 < œ and owing to ee Dw = 0, by Poincaré we achieve 


Dylen) < C(p) Re”. 
Using Morrey’s embedding and the fact that (0) = 0 we conclude, in turn 
W(x)| < C|lDY|lo~w,)lel 7” < Cla]. 


In particular we conclude 


f(r) < Cr. (5.23) 
The equation satisfied by 7 can thus be written in terms of the function f as 
d 4 2 ; / 
Ie ee eee | ha ag, (5.24) 
a dr r r? r 


where g is the smooth function such that Q(x) = g(|x|) (in particular g is constant in a 
neighborhood of the origin, and equals r~° for r > 2) and ¢ is given by the formula (2.8). 
We next set s = lnr and in particular 


g(s) = g(e*) (5.25) 
h(s) = fle’) (5.26) 
c(a) = ¢(e*). (5.27) 
Note that 
Ne) =e HW (s\—m ne) Se Ls): (5.28) 


In these new coordinates we observe that the claim of the lemma corresponds then to 
showing that 0 € C2.(R) and 


[P(s)| + |"(s)| + |P"(s)| < Ce* Vs <0, (5.29) 
IF(s)| + [I"(s)| + |P"(s)| < Cem Ys >0. (5.30) 
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In order to achieve the latter estimates we will need the following bounds on 9’, g”, Č, and 
Ç’, which we record here and can be easily checked: 
|G(s)| + |9(s)| + 1C(s)| + [C'(s)| < Ce Vs 20, (5.31) 
G(s) — g(0)| + |9’(s)] + [¢(s) — ¢(0)| + |e"(s)] < Ce” Vs <0. (5.32) 
We observe next that, by (5.23) 
lnts)| < Ce. (5.33) 


Step 2. The equation for h. In these new coordinates the equation (5.24) becomes 
then 


ld ~ 
(1 ae ee imo) (e-?*(h” — m?h)) — imhe**g’ = 0, (5.34) 
which we simplify as 
d ~ 2 
á —a (ims +2zo— 1+ *) (h” — mh) —iamhg’ =0. (5.35) 


We then define the integrating factor 


I(s) = exp -ef (ims + 2 —1+ z) do 


We can thus write 


L [Z(h" — m?h)| = iamIhğ' . 
Given that z = ao + ibo, 
|I (s)| < CeT C+teao-1)s (5.36) 
and in particular, by (5.31) 
[thal ya Ce Ctenta-a))s (5.37) 


This implies that the latter is an integrable function on every halfline [s, oo| so that we can 
write ee 

T'(s) = h"(s) — m?h(s) = -al(s) f imIhg'. (5.38) 
Since T(s) = e**V(e%) and 0 € L*(rdr), eT € L?(ds). We claim in particular that 
e-™sIT\(s) is integrable. Indeed: 


1/2 
f IT (s)|ļe™™!l ds < |le~T I] 22g) (| a ml) is) < œ. 
R R 


We claim then that for the function h we have the formula 


1 —ms ° ms’ 1 1 1 ms = —ms' 1 1 
h(s) = ——e f e” T(s')ds m f e ™T(s) ds". (5.39) 


2m ae 


In order to prove the identity denote the right hand side by H and observe that it is a 
2 


solution of the same ODE satisfied by H, namely, H” — m?H =T. Hence (44 — m?)(H — 


h) = 0, which implies that H(s) — h(s) = Cie™ + Coe™s. On the other hand, using 
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the information that e~*I’ € L?, it can be readily checked that H(s) = o(e!*!) at both 
+oo. Since this property is shared by h, thanks to the bound (5.33), we conclude that 
Cye™ + Coe-™ must be o(e™*!) at +00, implying C1 = Cp = 0. 

Step 3. Estimates at +oo. In this step we give bounds for the asymptotic behavior 
of h at +oo. We recall (5.31) and hence observe that 


ITr(s)| < geiau- | |h(o)jļe 7C Tena-a))e do, (5.40) 
for s positive. On the other hand, for s > 0 we can also write from (5.39) 
|h(s)| < Ce™™ + cem | e™|T'(a)| do + cem f a Talia, (5.41) 
0 s 


Starting with the information |h(s)| < Ce for s > 0, we then infer from (5.40) that 
I'(s)| < Ce@-%s for s > 0. In turn plugging the latter into (5.41) we infer |h(s)| < Ce@-%s 
for s > 0. The latter, plugged into (5.40) turns into |I (s)| < Ce“-?%* for s > 0. We then 
can keep iterating this procedure. The bootstrap argument can be repeated until we reach 
the largest integer k such that (1 — ka) > —m: one last iteration of the argument gives 
then 


Ih(s)| Ce ™ (5.42) 
and hence, inserting one last time in (5.40) 
Vela Ce, (5.43) 
In order to estimate the first and second derivatives of we observe that 
: = —a(imB¢ + z — 1 + 2a) 
and we compute explicitly 
I’ = a(imBe + zo — 1 + 2a)P + imhp' (5.44) 
I” = aimBCT + a(imB¢ + zo — 1 + 2a)I" + imhg” + imh'ğ'. (5.45) 
From (5.44) and the bounds (5.43),(5.42), and (5.31), we immediately conclude 


reais caw e.. (5.46) 
As for the second derivative, using (5.46), (5.43),(5.42), and (5.31), we conclude 
laimBC'T + a(imB¢ + zo —1+2a)I” + imhg"| < CeT +a): , 
In order to estimate the term imh’g’ we differentiate (5.39) to infer 


1 5 , 1 = , 
h'(s) = sem f e™ T(s')ds’ — sem | a? T(s") ds. (5.47) 


We then derive |h’ (s)| < Ce~™* using the same argument for bounding h. In turn, combined 
again with (5.31) we conclude |imh’g’(s)| < Ce~"*®s, hence completing the proof of 
(5.30). 
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Step 4. Estimates at —oo. For the bound at —oo we use instead (5.32) (which we 
observe holds for positive s as well). This leads to the inequality 


IT(s)| < Ce@ta(ao-D)s l e-2(40-1)2 1 h(g)| do (5.48) 
In this argument we assume that ap is selected very large, depending on m. In turn we 
estimate h for negative s by 
0 s 
|h(s)| < Ce? + ce f e ™ |r (o)|do + com | e™ |r (o)| do. (5.49) 

Observe now that we have |h(s)| < Ce? for every s. Inserting this bound in (5.48) and 
assuming that ao is large enough we conclude |I (s)| < Ce?s. In turn we can insert the 
latter bound in (5.49) to conclude |h(s)| < C(e™* +e). Since m > 2 we can then conclude 
|h(s)| < Ce?’ and inserting it in (5.48) we conclude |I (s)| < Ce’. 

For the first and second derivatives we use the formulae (5.44), (5.44), and (5.47) and 
argue as above to conclude |I’(s)| + |I” (8)| < Ce“. 


Step 5. Estimate on v = K2¥*7. Recall that we can explicitly compute Ky*n = Vtw 
and that we already argued that v € W,.. Hence to complete the proof we need to show 


- Vel de = in (vo z H) GEOG (5.50) 


Recall next that f(r) = h(Inr) and f(r) = 4h'(Inr). Thus the exponential decays for h 
proved in the previous steps imply f(r) < C(1+r)~™ and f’(r) < C(1+r)~™ 1. Since 
m > 2, this clearly implies (5.50) and completes the proof. 


5.3. Proof of the baseline L? estimate 


In this section we prove (5.7). In order to simplify the notation, from now on we will 
use Q in place OQper,x. We recall next equation (2.47) 


Sas eee C — NSN SO 


= Fy =: Fz =: F3 =: F4 =F5 
Eg (Vin i V) Oin _ (V, j V) Min = (Vin i V)Q,- : (5.51) 
=: F6 = Fq =:Fg 


We then define F := — S~°_, ¥;. Recalling Theorem 3.0.4 and the fact that Q(-,—k) = 0, 


i=1 
we estimate via Duhamel ’s formula 


l2 7)llz2 < co | eloteF-9)|1 F(., a)llzds: (5.52) 
-k 


We next estimate the L? norms of the various .¥;. In order to keep our notation simpler 
we use ||- ||2 for ||- ||z2 and ||- Ilo for || - |z. 71 is simple: 


[Fit s)lle < Vint, s)[lool| DQG, 5) l]z2 < Cem*elot?# < Ca, (5.53) 
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As for Fs we use the fact that 


Jaeno fish elo. Pa 


<ce®™ | EPIDO(E P) de < Ce 94r) 


We hence conclude 


PoE e E (5.54) 
As for Fz, for every fixed 7 with k = i we can use Proposition 5.0.2 to conclude 
|| Fa(-,7)lz2 < (IVC, 7) [Io V Quin (-, T)llz (5.55) 
< CIRC, 7) IL | VOrin(-, 7) [Lz (5.56) 
Ceara (5.57) 


To estimate F4 we recall that 
O,(€, 7) = BIL xe ENNE) + €7/9(BC(IE1) IEI)x'(e7/*E) - (5.58) 
Differentiating the latter identity we get: 
[VOE T)] SCV e>¢-7/a|DQ|(€) 
+ Ce™!@(|Q\(E) + DEIENE) Le-a r> leze- 
+ CUDNE Le-a rz jeze-/a 
<Cliejze-ra lE? 
+ C(e ETE + CFE?) 1 ra Rp|elde-r/a (5.59) 


where we are assuming that spt (x) C Br. We next use Proposition 5.0.2 with k = a/2 to 
get |V, Dll < CIRC, T)|x < Ceot)". In particular we can estimate 


fiae npa sceo fÀ poaa 


e77/a 


e77/*R 
ES apo pl-2a dr 
e 


—rT/a 


e-T/¢R 
J oes) po 2a dr < Ce (240+260+2)r ; 
e 


—rT/a 


We thus conclude 


|| Fal, 7 lle < Celotoryr (5.60) 
For F; we use again ||V(-,7)||p0 < Cet)" to get 
(Far) < Ce" || DQ(-, 7)||2 Oe. (5.61) 


Fe follows easily from Lemma 5.0.3 
| Fe(-s lle < itr leal mter] < Coot)” (5.62) 
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F and Fg can be easily estimated using the explicit formula for Q, and the decay estimates 
given by Lemma 5.0.3 for Qj, in particular they enjoy an estimate which is better than 
(5.60), i.e 


lF T+ Fel 7)lle < Celotta, (5.63) 
Assuming that ap is sufficiently large we then achieve the estimate 
IF C7 lla< Centa, (5.64) 


Inserting in (5.52) we choose £ < 1/2 + ĝo and we then achieve 


|Q(-, 7) |]2 z Celte)t f e(Oot1/2-€)s ds < Celto +ôo+1/2)7 (5.65) 


—k 


In fact, observe that the argument just given implies the stronger conclusion 


QE, Tla < Celototd/2) Vr € [-k, 7]. (5.66) 


5.4. Estimates on the first derivative 


In this section we prove (5.8) and (5.9). The proof will be achieved via L? and L4 energy 
estimates, where we will differentiate (2.47) first with respect to the angular variable and 
then with respect to the radial variable. We start rewriting (2.47) as 


0,0-2+((-2 487+, +¥intV)-V) 0 


= —B(V-V)Q—(V-V) Qin — (V - V)O, — (Vin © V) Quin 
= (V; 2 V) Qin = (Vin . V)Q, 
=. (5.67) 
We next differentiate in 8. In order to simplify our notation we will write @ in the subscript 
(or eventually ,@ if there is already another subscript). We also recall that Q, Q are radial 


functions, while (V,-V) and (V-V) are angular derivatives times a function which is radial, 
and £- V is a radial derivative times a radial function. So we can write 


poison (a vee) v) Qg 


=% — (Vin - V)Q — (Vo: V)Q =: 4 (5.68) 


at (14 1) 2 +((- £460 +¥;+ Vin tV)-v) 
r Q r 


1 1 g 
=" 4% — —(Ving : V)Q — < Va - V)Q + Qo((Vin + V) + V) 


r 
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We then multiply by Q, the first equation and integrate by parts the terms on the left-hand 
side to conclude 
d1 r 1 7 
qa WODI = |1- z J Ie, la + / AET) 7) 
SAC T)llalQoC, Tle (5.70) 


Likewise we multiply the second identity by (EQ)? and integrate by parts to achieve 


Ewen (1+ E) LED | ENETYE 


which implies 
lr) < f elta) || 98 (.,#) lad? Yr © [-k,7]. (5.71) 


-k 
We next wish to estimate the two integrals in the right-hand sides of both equations. 
We summarize the relevant estimates in the Lemma 5.4.1 below. Note that they imply 


u, A) Ilo < Celt?) Vi € [-k,7], (5.72) 
rE, Pla < Celt?) Vi € [-k,7], (5.73) 


provided ao is chosen big enough. 


LEMMA 5.4.1. Under the assumptions of Lemma 5.0.4 we have 


|DY(-, 7) lla < Celt (5.74) 
lp DACs7) lla < Celt?) (5.75) 
IDin VOI, r)a + IDVIIVOl, r)a < Ceot (5.76) 
ir DViin| [VAC 7) ll2 + Ir DVI|VO|(-,7) 2 < Cet? (5.77) 
r Vin DAE, 7) |]a + [rV DQ(-, 7) Ia < Celt), (5.78) 

Proor. Proof of (5.74) and of (5.75). We break the terms as 

DE| <C||DV DQ||4 + CIV D Alla + || DV DQiin||4 
+ |V D Quilla + CDV DQ, lla + CIV Dla 
+ C| DVinDO%n||4 + Cl Vin D’ Qla + || DV,Dnl]a 

+ [V-D nlla + || DVjinDOQ,|[4 + || Vin D Qla, (5.79) 


and 


|r DY |l <C||r DV DQ||2 + Cllr V D?Q ||. + |r DV Dill 
+ |r V D?Oun|l2 + Cllr DV DO, || + C||VrD?0,||o 
+ C||r DVinDOin||2 + Cl\rViinD? unlla + ||rDV,DQin|l2 
+ ||rV,D?Qin|l2 + ||P DVn DQ, ||2 + |r nD Qll- (5.80) 
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The terms involving Q and Q is where we use the baseline L? estimate. Observe that 


QC Tla < OG, 7 1/2] DQ 7 ia Camrose 5.81 
le) 2 
and, by Calderén-Zygmund, 
IDK * 2(-,7)Ila < CIQ, Tla < Celto, (5.82) 


Next we estimate 


|DV DQ(-,7) Ila < IDEC 7) |leollDV(-, 7) lla 


< Cl]Q(-,7)Il4 
< Celtoto+1/4)r (5.83) 
lr DV DQC,7)||22 < |]rDQC-,7)|lool| PVC, 7) ll2 
< Cl]Q(-,7) Iz 
< Celaotso+1/2)7 (5.84) 
Next, recalling Lemma 2.4.1 we get 
[Venla S CROC, 7)ll2 < CReoteot v7 (5.85) 
However, using f Br V(-,7) = 0, we can in fact estimate also 
|V(-, 7) llxaaagy S CRY? (|0C, 7) lla CR eu, (5.86) 
In particular we can infer 
(ae) ree O (5.87) 
and 
[Gaye laa Cee (5.88) 


for every positive e. On the other hand, given that |D?0(£)| < C(1 + |€|)~?>%, we easily 
infer 

Moreres CA +] - |) "VG, 7) lla $ Cooter)" (5.89) 

krann < Cl] + | - |) FV, 7 Illa < Cena, (5.90) 

From now on we will not handle the terms with the weight r as the proof is entirely 

analogous: we will just focus on the L* estimates and leave to the reader the computations 


with the weight. 
For the two quadratic terms in Vin we can use Lemma 5.0.3 to achieve 


|| DVinDOin(-, T) Ila + [Vin D mnl, 7) la < Ce?” . (5.91) 
Likewise we can estimate 
|| DV Din, 7) Ila + VD? Quinlla < Ce, 7) |x < Celt , (5.92) 


(where for the second term we use the decay at infinity of D?Q\, to compensate the 
moderate growth of V, the argument is the same as for (5.89) and we do not repeat it 
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here). Observe next that, by (5.59), ||DQ,(-,7)|lo < C for 7 < 0. Hence the term DV DQ, 
can be estimated as in (5.83): 


|| DV DQ, (-,7) la < Cl] DV(-, 7) lla < CelaoteotV/4r (5.93) 
As for the other term, differentiating once more and arguing as for (5.59) we get: 
|DO, (£,7)| SCIE esea 
PEAR am e 7 aeons 
LO Ae tO TE a (5.94) 
We can thus argue similarly as for (5.89) to conclude 


IVDC Dla < CIE + | DPV T) + Ce" IV a 


Re-é/7) 
< Celtotôo+1/4)r (5.95) 
In order to handle the remaining three terms, we recall that, by Lemma 5.0.3, 
[Vink P) < Ce (5.96) 
|DVinlé, T)| < Ce jea (5.97) 
O Dera ce m, (5.98) 


On the other hand, owing to the computations in this and the previous section we can also 
write 


ETA CIE pee 
|DV-(E,7)| + [2E T)| < CIE Lezer + CoM E Leran eze-a 
DAET Cle) ie 
+ E a a 1 Hapsiiisenle . 
Integrating the estimates in the respective domain we easily get 
|| DV, DQin||4 + ||VeD?Qin|la + | DVDa + |[VinD?Qr|]4 < Cee", (5.99) 
Remaining estimates. The two terms (5.76) and (5.77) have already been covered 


in the argument above. It remains to handle (5.78). Notice that, by Lemma 5.0.3 and 
Proposition 5.0.2 we have 


Ir 7VC7)lleo S CllQC, 7)Ilx < Cero)” (5.100) 
ll? Vin Tlo < Ce. (5.101) 

We thus conclude easily 
Ir VDC, T)lla < Cet] DCE, 7) |]4 < Ceot) (5.102) 


Ir nD- r)a < Cer DA 7) la < Geet, (5.103) 
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We next differentiate in r (5.67) in order to achieve similar identities to (5.68) and 
(5.69). This time, given the ambiguity with V, and 2,, we write ,r in the subscript to 
denote the radial derivative of any function. 


1 = 
0,0, + (1~ =) a+ ({ É ABVV + Vin +V) v) Q, 


a 
=G_ — (Vine VO — (Ve VO — BV» V= (Vet VJA (5.104) 
Opry +rXp + ((-: + BV +V, + Vin + v) i v) (rQ,) 
G, = r(Viin,r i V)Q => r(Vr . V)Q = rB(V, z V)Q m "Vics ` V)Q 
Hoea VETS (5.105) 


Multiplying by (Q)? and rQ, respectively, and using the estimates (5.74) and (5.75), we 
achieve, in the respective cases: 
d 
gll Mlle < Celt?) + Cl| DVn DAC, 7) lla + C||DV DQ(-, 7) Ila 
z 
+ C| Ve- VRC, T)lla + | DVDR, 7)II4, (5.106) 
d 
q 26 Dike S Celt" + O in Dr] 
= 
+ C|l\r(Ve- VYR T)ll2 + Cllr V+ - VQC-,7)Il2 
+ |r V VLE T) + [Min DQll2 + VDR]. (5.107) 
Note next that 
[DVn DRC, T)lla + || DV DQC-, 7) Ila (5.108) 
< (|[DVin(-,7)lleo + IDV, 7)lleo) || DOG, T)lla < CeOae¥?or" , 
and likewise 
|r DVinDQ(-, 7) \2 + |r DVD, 7) |I2 
< (lD Vial 7) loo + IDV E 7) lloo) |r DE, 7) Il2 
< Celut’o)r (5.109) 
The terms (V,,- V)Q and r(V,.-V)Q can be bounded observing that they involve only the 
angular derivative and that V, is bounded. Since the angular derivative has already been 


estimated (this is the reason for estimating it before estimating the radial derivative), we 
get 


Ir VE Dla < Cr l, r)a < Celt, (5.110) 
lr? VT) < Cllr) < Cee. (5.111) 
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As for DV,DQ and rDV,DQ we observe that || DV; || 
|| DV-DQ(-, T)lla < Ce DCT) 


œ < € and thus we easily get 
ja < Celoti+r (5.112) 


lr DV,DQ(-, T)ll2 < Ce™||r D, 7) lo < Celaot eet) (5.113) 


We finally need to estimate ||ViinDQ||2 and |V DQ||s, 


but we observe that this has already 


been done in the previous section, since they correspond to the terms -F; and F, in (5.51), 


cf. (5.53) and (5.60). Summarizing, we conclude 


L 10,(.2)lle < Ceotto (5.114) 
- 


L lro, Hila Cerita, (5.115) 
= 


which we then integrate between 0 and 7 to achieve 


the desired conclusion. 


APPENDIX A 


A more detailed spectral analysis 


A.1. From Remark 4.0.3(i) to Remark 3.0.2(c) 


Let us assume the validity of 4.0.3(i) and prove Remark 3.0.2(c). Let mo > 2 be the 
integer such that 


spec (Lst, Uma) N {Rez > 0} FO, (A.1 
spec (Lst, Um) N {Rez >0}=9 for any m > mo. (A.2) 


We show that Remark 3.0.2(c) holds with m = mo. 
For any Z € spec,,, (Lst) O {Rez > 0} we denote by V; := P,(L?,,) the image of the 
Riesz projector 


(w — Ls) dw, 


2 = 
272 y 


where y parameterizes the boundary of a ball containing z and no other eigenvalues of Let- 


It is enough to show that P.(Ukmo) = {0} for any k € Z \ {—1,1}, z € spec,,, (Lst) N 
{Rez > 0} since it gives 


V, = P,(Umo U Umo) C Um U Um, 


where the second inclusion follows from the fact that Um is always an invariant space of 
Lor: 

If k > 1, from (A.1) we know that z ¢ spec (Lst, Ukmo), hence P,(Ukmo) is trivial. If 
k < —1, we reduce to the previous situation by observing that P,(Ukmo) = Pz(U-kmo)- 


A.2. Proof of Remark 4.0.3(i) 


In order to show this point, given Lemma 4.9.1, we just need to prove the following 
statement. 


LEMMA A.2.1. For every fixed = € € there is Mo > 0 such that Ym is empty for every 
m > Mo. 


Indeed, given the conclusion above we infer that Yn is empty for every m > ma and it 
thus suffices to select mp as the largest integer strictly smaller than ma. 

Before coming to the proof of Lemma A.2.1 we state an auxiliary fact which will be 
used in the argument and which can be readily inferred from the computations in Step 1 
of the proof of Lemma 4.8.1. 
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LEMMA A.2.2. For every0<a0<7 <1 there is a constant C (depending only upon o 
and T) such that B, := Km, © st; is a bounded operator from C° to C7 for every z with 
Imz > 0 and 


\|Bellever,er) < C. 
PROOF OF LEMMA A.2.1. The proof will be by contradiction and thus, assuming that 
the statement is false, we can select: 
(i) a sequence {m;} C [1, c0| with m; — oo; 
(ii) a sequence {z;} C C with Im z; > 0; 
(iii) and a sequence {w,;} C L?(R) solving the equation 


A 


Step 1. We first prove that {z;} is bounded and every cluster point must be an 
element of [0,=(—oo)]. Otherwise for a subsequence, not relabeled, we get the estimate 


By scalar multiplying (A.3) by y; and taking the real part of the resulting equation we 
then conclude 


[Musi mw < Co | WP, 


which clearly it is not feasible because Co < m? for a sufficiently large j (and w; is non- 
trivial). 

Up to subsequences we can thus assume that z; converges to some zo € [0, =(—oo)]. 

Step 2. We next analyze the cases zg = 0 and zọ = =(—oo). The argument is similar 
to that used in Section 4.6 in case (C). Let us argue first for z = 0. We observe that 
=71|A| belongs to L'(] — co, NJ) for any fixed N and that, likewise, |E — z;|~|A| have a 
uniform L! bound on any | — oo, N]. We can then use the Lemma 4.5.2 to normalize Y; so 
that it is asymptotic to e”* and also to write 


plt) = e™"(1 + z(t) 


1 A |A 
20) < ex ( i a —1 for allt < N. 
Mi J 


with 


In particular, we have |z;(t)| < oN) on | — œ, N]. We next scalar multiply (A.3) by Y; 
T 
and take the imaginary part to conclude 


a oo A b A 
= +f le wes f =l. 
‘a o 7 E-z” a E-z 7 
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In al a since = =e E is bounded from above by a constant C independent of j on [a,b] 


and — Eo is bounded from below by a constant c > 0 independent of j on [b+ 1, b+ 2], 


we a 
b42 
f wires’ f wP. 
b+1 


We next choose N larger than b+ 2 and use the estimate |z;(t)| < £ CW) to argue that, for 
Mij 


j large enough, we have $e" < |y (t)| < 2e™* on ] — co, N]. In particular, we infer 


b+2 b 
f e2mst < C fe 2mjt 
b+1 a 


provided the constant C is chosen large enough (but independent of j) and j is large 
enough. The latter inequality is certainly impossible for m; large enough, leading to a 
contradiction. 

The argument to exclude zọ = =(—oo) is entirely analogous, this time normalizing for 
t > oo and reaching an inequality of type 


a—1 
f en 2mst < C fe —2m jt 
a—2 a 


for a constant C independent of j and any j large enough. 


Step 3. We next examine the last case, that is zọ = 2(c). This time we fix a ø € 0, 1[ 
and normalize 7; so that 


lvl = 1. (A.4) 


A 
h = -Kms (=~) | 


and also recall that Km, (p) = se ml xp. We set Mo = Ma write further 
i 


ae A 
ont (ini) (alats) 


Recalling Lemma A.2.2, we can fix a 7 €]ø, 1| to achieve 


A 
(Kn (= = A v) 
for some constant C independent of 7. 


We will show in the final step that 
(Cl) |[Km, © (-4 + m3) |lccer,cr) < C for some constant C independent of k. 


We observe that 


<C 


CT 


In particular, we achieve 
lylo <C. (A.5) 


We now wish to show that indeed ||w,||ce < 5 for j large enough, which obviously would 
be a contradiction. In order to achieve the latter estimate we use a Littlewood-Paley 
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decomposition. We fix a cut-off function y which is supported in ]4,2ņ, define xelt) := 
x(2~) for l € NU {0} and assume that x has been chosen so that 


` xe=1l on [1, col. 


LENU{0} 


X-1 := 1-S x 


LEN 
and introduce the Littlewood-Paley operator Ay as Arly) = -¥F~'(ve¥(v)), where F is 
the Fourier transform. We finally recall that (see [18, Section 1.4.2]), if we define 


elle = X 2” Alize, 


é>-1 


We then define 


then 

Clo) llyllxe < lelle < C(a)|lyllxe - 
We are now ready to perform our final estimate. We fix a large N, which will be chosen 
later, and for £ > N we write 


Yrjans < r TASE Aae 


(>N (>N 
<2 IO@ illo < C2 7", 
where the constant C is independent of both N and 7. Next, for any £ we observe that 


a A 
a =k (= td) (2e (Em (820) 
— Ma 
LGI 


=I, ; 
A 
kn (Aw) 
NE= A Nae 


On the other hand, because of the frequency localization, we have 


2 
Arj = Km; O ( 


de 
and the estimate 


Now 
Eosl < C27 


+ mè) fe) (Anı + Ag F A)T e5) 


d? 2 C ox 2 
Km; © | =z + mo | ° Ae < =z (2” + mo) 
dt ca») M 
We can therefore write the estimate 
c a 
IWsllor < yD + mê) + Crom 
J @=-1 
< eo (22 + m) 4 CNC- | 


my 
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where the constants C are independent of N and j. In particular, we fix first N large 
enough to get C2-N(-9) < t and we then choose m; large enough so that 


ON (2 + m?) = 
j 


These two estimates imply ||w;||ce < 5, contradicting the normalization (A.4). 


< $, 
Step 4. To complete the proof of the Lemma we need to show (C1). We first write 
d2 
Tm := Aro Kmo (- TE +n) f 
The eg Tm is the convolution with a kernel Km,e whose Fourier symbol is given by 
x0(E) sl . Hence, for ¢ > 0 we have 


[EP +m? 
1 2 
a(t) JRE z) — mo ev ae 


1 dé 2 2 i 
OOTO ea) oe 


In particular, we easily conclude 
ltl" Kelle < C(k)2°™ , 


for a constant C(k) independent of both m > 1 and £, but which depends on k. From the 
latter we can estimate 


Km S 
mello < f |Kmels)|ds + f EEO 
else" tae ISI 


oO 


1 
<c+ort | =—ds <C. 
2 


—e S 


and 


For £ = —1 we just conclude, likewise 
llt Km,-1llz= < C(k) 


for a constant C (k) independent of m, but depending of k. Once again using the cases 
k = 0 and 2 of the latter inequality we achieve 


|Km, -illz <C. 
We have thus bounded all || Kin,¢||z1 with a universal constant C independent of both m > 1 
and £ € NU {—1}. In particular, since ||Tm elleor) = ||Kn ellz and 


d2 
Kno (-5 + mê) = TSN T (Ar + Ag + Asp), 


f>-1 l>-1 
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we can estimate 


< C(o) `> 2% |Tm el)le 


cr e>-1 


= C(a) S527 ||Tin,e(Aey) ll 


é>-1 


< C(o) X 2” lAl 


é>-1 
< Clo) \lellee - 


This completes the proof of (Cl) and hence of the entire Lemma. 


d? 5 


A.3. Proof of Theorem 4.0.4 


In [40], Vishik claims the following improved version of Theorem 4.2.4, which would 
immediately imply Theorem 4.0.4. 


THEOREM A.3.1. There are a function = € € and an integer mo > 2 such that Ym = 0 
for any integer m > Mmo and Ym, consists of a single z. Moreover, the algebraic multiplicity 
of moz as an eigenvalue of Lm, îs 1. 


Vishik’s suggested proof of Theorem A.3.1 builds upon Proposition 4.4.1 and the fol- 
lowing improved versions of Proposition 4.4.3 and Proposition 4.4.5. 


PROPOSITION A.3.2. Assume —A, < —1 and let Ma = VAa. Then there exist « > 0 
and ô > 0 with the following property. For every h €]0,6|, Yma-n O B-(E(a)) = {2m,—n}, 
where (Ma —h)Zm,—n 18 an eigenvalue of Lm,-n with algebraic multiplicity 1. 


In [40] Vishik only gives the argument that Ym, -n N Be(€(a)) contains a single element 
Zm,—h and the corresponding eigenspace of (Ma — h)™tLma-n has dimension 1 (i.e. its 
geometric multiplicity is 1, cf. Remark 4.4.4). However it is essential to have the algebraic 
multiplicity equal to 1 in order to complete his suggested argument. After we pointed out 
to him the gap in his paper, he suggested in [41] the proof of Proposition A.3.2 reported 
below. Before coming to it, we point out that a spectral perturbation argument as in the 
proof of Lemma 4.9.1 (which we outline anyway below) easily implies the following. 


PROPOSITION A.3.3. Assume —Aq < —1 and let 
Ma := V Aa, 
max{1, y Ap}. 


Then Ym consists of a single element zm for every m E|M,, Ma| and moreover the algebraic 
multiplicity of zm as an eigenvalue of m~'Ly, is 1. 


Mp : 


Taking the previous proposition for granted, we just need a choice of = for which Ay > 1 
and |m,,™m,[{ contains an integer, which is guaranteed by Lemma 4.4.7, and we conclude 
Theorem A.3.1. 
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We now explain how to prove Proposition A.3.3. From Proposition 4.4.5 and Lemma 
A.2.1 we know that Yn 4 0, for every m Elmy, Mal, and Yn = @ for m > Mma. Moreover, 
Remark 4.9.2 implies that the sum of the algebraic multiplicities of z E€ Ym, as eigenvalues 
of m!Lyy, is constant for m €]m,, mal. Hence, to conclude we just need to prove that the 
latter is 1 for some m €]mp,m,|. To that aim we show that for any €e > 0 there exists ô > 0 
such that Wn,-n = ma-n N B-(E(a)) for any h €]0,6[. This is enough for our purposes 
since, together with Proposition A.3.2, it gives Yma-h = Yma-n N B-(E(a)) = {zma-h} 
where Zm,—h is an eigenvalue of (Mma —h)~'Ly,—n with algebraic multiplicity 1. 

Assume for contradiction the existence of a sequence (m,;) jen in |mp, Mal converging to 
Ma such that there are z; E€ Ym, with |z; — E(a)| > £ for some € > 0. Up to extracting 
a subsequence, we may assume zj — z for some z € C with |z — E(a)| > e. Proposition 
4.4.1 implies that the imaginary part of z is positive. Arguing as in the first step of proof 
of Proposition 4.4.1 we can prove that z E€ Ym, and reach a contradiction. 


A.4. Proof of Proposition A.3.2 


The proof of Proposition A.3.2 can be reduced to the following weaker version using 
Remark 4.9.2 and the argument outlined in the previous paragraph. 


PROPOSITION A.4.1. Assume —àa < —1 and let mg = VAa. Leth ande be sufficiently 
small so that Proposition 4.4.1 and Remark 4.4.4 apply, namely Wn,—-n O B-(E(a)) = 
{zman}, where 2m,—n is an eigenvalue of (Ma —h)~'Ly,—n with geometric multiplicity 1. 
Then, if h is chosen possibly smaller, the algebraic multiplicity of 2m,—n is also 1. 


We now come to the proof of the latter, which is the heart of the matter. First of all, 
we introduce a suitable transformation of the space H (which we recall is the domain of 
the operator Lm, defined in (4.1)). We introduce the Hilbert space 


H := fy :R>C: JOP a < oo} 
and the isometry T : H — H*® given by 
alr) = eale’). 
Rather than considering the operator Lm on H, it turns out to be more convenient to 
consider the operator T o Lmo T~} on Hê. Since the spectra of the two operators coincide, 
with a slight abuse of notation we will keep writing Lm in place of T o Lm o T7}, and we 


will keep Yn to denote the point spectrum of m~!T'o Lm o T7! in the upper half plane. 
Simple computations show that the operator Lm is given, on H° by 


Lmla) = mea — mAg 
where y is the unique H* solution of 
yp" —mp=a. 
We can now come to the main idea behind the simplicity of z,-n, which is borrowed 


from [41]. A prominent role is played by the adjoint of Lm (considered as a bounded linear 
operator from H° into itself): for the latter we will use the notation £7. 
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LEMMA A.4.2. Suppose that h and £ are sufficiently small such that 
{2ma—h} = Yma-n N Be(E(a)) 
and Zm,—h has geometric multiplicity 1 in spec((Ma—h)~'Lm,—h, HE). Let an E€ H®\ {0} be 
such that (mq—h)~Lym,—n(An) —Zma-h@n = 0. If h is small enough, then there is B, € H° 
such that (mg — h) +L}, nlbh) — Zma—-hÊn = 0 and 


(= | an(t) By (t) eat Z0. (A.6) 


Let us show how the latter implies Proposition A.4.1. Assume z,—, were an element 
of spec ((Ma —h)~'Lm,—-n, HE) NO B-(E(a)) with geometric multiplicity 1 and algebraic mul- 
tiplicity larger than 1: our goal is to show that h cannot be too small. The properties just 
listed mean that the following bounded operator on H°, 

Ln = (Ma = h) Leh — 2ma—hs 
has a l-dimensional kernel, 0 is in its point spectrum, and 0 has algebraic multiplicity 
strictly larger than 1. These properties imply that any element œp in the kernel of L» (i.e. 
any eigenfunction of (Ma — h)~'Lm,—n with eigenvalue 2m,—n) is in the image of La. Fix 
one such element a), and let 7, be such that Lana) = ap. If h is small enough, we can fix 
n as in Lemma A.4.2, and observe that it is in the kernel of the adjoint operator Ly. We 
then must have 


OF fob e~ ”dt = finm edt = fmi e "dé =0, 
which is not possible. 


PROOF OF LEMMA A.4.2. We begin by proving the following claim: 
(Cl) For any z € Um, with m > 1, such that m7!L,,(a,) —za, = 0, there exists 6, € H? 
such that 
mL (8s) — 26; =0, (A.7) 
and AW) 
Qz, Pz =f aera, A.8 
( 2 i (E(t) — z)? ( ) ( ) 
where p, is the unique solution in H° of yf — my, = az. 
To that aim we first observe that the adjoint of Lm in H® is given by 
L* (a) = m(Za + eK m(Aae~**)) , (A.9) 


where XK, is the inverse of oe +m? as a closed unbounded self-adjoint operator in L*(R). 
Notice that £* is well defined because e~'a € L?(R) and A ~ e* as t 4 —o0. 
We now observe that, if z € Um, m1Lm(az) = zaz, and 8, is defined by 


then 
mL" (8-) = Zbz. (A.10) 
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Notice that 8. € WZ? N H° decays exponentially fast at oo thanks to the bound |y.(t)| < 


loc 


Ce-™!l, for every t € R, proven in Lemma 4.5.3. Let us now verify (A.10): We first observe 
that 


Qz = : (A.11) 
z-z 
hence 
AQ: 
mC (8) = BB. + Kn (PPE) = 58: + Kala) 
= =p: = (2 = Z)B. = ZBz : 


It is now immediate to conclude (A.8). 


In order to simplify our notation we use La, Zh and Mp in place of Lyn, Za-h and 
Ma —h. Given a; E€ H® as in the statement of the Lemma we denote by p, the unique L? 
solution of y} — m%y;, = an. We now can apply (Cl) above to find B, € H® which solves 
mr LI (Bn) = Zn8n and such that 

A(t) 2 
(an, Baye = f z lt) dt. (A.12) 
mdr (lt) — zn)? 


To conclude the proof it suffices to show that, after appropriately normalizing the functions 
a, (i.e. after multiplying them by an appropriate constant factor, which might depend on 
h) we have 

lim (Qh, Ba) aie =C F 0. (A.13) 
Note that for the latter conclusion, which we will prove in the next two steps, we will use 
the assumption that a, 4 0. 


Step 1: We show that, up to multiplication of œ, by a suitable constant factor (which 
might vary with h), Yn > y in W+? and in C?, as h — 0, where y € W? is a nontrivial 
solution to 


d? A 

— mi tmp 4 sag =? (A.14) 

By Remark 4.6.1, the nontriviality of y implies y(a) # 0, and hence, up to multiplication 

by another constant factor, we will assume, without loss of generality, that y(a) = 1. 
Recall that p solves the equation 


app A 
For the moment, let us normalize the functions so that 
[en + mila) = 1, (A.16) 


as in (4.68). We then can argue as for the bounds (4.69) and (4.70) to derive the existence 
of constants C and 8 > 2 (independent of h) such that 


ly,(t)| < Ce" Ve. (A.17) 
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m= 


Recalling Section 4.8, we know that z, = =(a) + c(a)h + o(h), where c(a) is a complex 
number with positive imaginary part, which we denote by d(a). Using the monotonicity 
of = we can write zn = =(t(h)) + i(d(a)h + o(h)) for some t(h) which satisfies the bound 
|t(h) — a| < Ch for some positive constant C. In particular, using the mean value theorem 
and the fact that the derivative of = does not vanish on [a — 1,a+ 1], we get 


where C is some positive constant. Next, using that |t(h) — a| < Ch, we conclude the 
estimate 


[1] 


(t) — zr) > CH AAA Vee la—1,at]], 


Z(t) — za) > Cit — al vte [a—1,a+1], 


with a constant C independent of h. Since a is a zero of A, we finally conclude that the 
functions 
A(t) 
I(t) — Zh 


are in fact uniformly bounded, independently of h. Using the latter estimate and (A.17) 
we thus infer that 


eh (t)| < Ce, (A.18) 


In particular, upon extraction of a subsequence, we can assume that the p converge to a 
function y strongly in W1?, weakly in W?~, and hence strongly in C1 for every a < 1. In 
particular, because of the normalization (A.16), y is a nontrivial W?° function, satisfying 
the same exponential decay as in (A.17) and (A.18). Moreover, given the bound on the 


functions aos: ọ is in fact a solution of 


=0. (A.19) 


Recalling Remark 4.6.1, y(a) 4 0 and ọ is unique up to a constant factor. In particular, 
we must have 


lis int lyn(a)| > 0, (A.20) 
otherwise for a suitable subsequence we would have convergence to a nontrivial solution y 
for which y(a) = 0. Because of (A.20) we can use the different normalization y;(a) = 1, 


which in turn implies that pp converges (without extracting subsequences) to the unique 
W? solution y of (A.19) which satisfies y(a) = 1. 


Step 2: We prove that 
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Recalling that zp = S(t(h)) + i(d(a)h + o(h)), we write 


ALE = EEH) + ildla)h + oË pe 4 stm o? 


EEE + R + o O» 


4(d(a)h + o(h))*A 
((E — S(t(h)))? + (dah + o(h))?)? 
= I, +11, +H. 


Re palm ph 


To ease notation we set 
fn = Rep}, — Img, gn := Repr Img, (A.22) 


and observe that fp > °, gn > 0 as h — 0, where the convergence is, in both cases, in 
the strong topologies of L? and of C®, for every a < 1. We will show below that: 


l 2A'(a)p(a)? / s? 

] I, = =P A.2 
jim | = “qajera? Jp +e — A): A 
lim | II, =0, (A.24) 
h-0 
lim / III, =0. (A.25) 
h-0 


Considering that none of the numbers &’(a), A’(a), y(a), and d(a) vanish, L(a) 4 0. This 
implies (A.13) and concludes the proof. We next study separately the three limits above. 


Proof of (A.23). There exists 6 > 0 and r > 0 such that for any h sufficiently small 
one has |=(t) — =(t(h))| > 6 for all t € R \ (a — r/2,a + r/2). This implies that 


lim I, =0, (A.26) 
h>0 JR\ (t(h)—r,t(h) +r) 


hence, we are left with 


| cts ADEA — ECM) 
pa a (EW — Seay? + Ulah +O Sane 
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We change variables according to t = t(h) + sh: 


cai f} ; eas sh) E(t(h) + sh) — =) 


Notice that, for any s € R, we have 
=(t(h) + sh) — S(t(h 
ia (t(h) + sh) (t(h)) 


lim mi = E (a) (A.28) 
Moreover the monotonicity of = implies that 
Sth h) — S(t 
1/C < E e ( sc for any s € (—r/h,r/h). (A.29) 
S 


Notice that 
A(t(h)+ sh)  A(t(h) + sh) — A(t(h)) 


= , A. 
h h h Ano 
hence, up to extracting a subsequence h; — 0, we have 
A(t(h; h; ; 
Bue) sha) > A'(a)s+ zx (A.31) 


hi 
for some x € R (recall that |t(h) — a| < Ch and note that x might depend on the subse- 
quence). 
Collecting all the estimates above, and using the dominated convergence theorem we 
deduce that, along the subsequence h;, 


moth) a9 [AOs 24, 24 @ola® fs? 
oe =2 | mars aaj yds = “aE (ay have n 


Observe that the limit does not depend on x and hence does not depend on the chosen 
subsequence. 


Proof of (A.25). Arguing as we did for I, and using that g, > 0 in C'/?, as h > 0, 
we easily deduce that 


lim | III, =0. (A.33) 


h-0 
Proof of (A.24). We need to show that 


lim aM 

o0 Jre (E(t) — EEA + (d(@h + (h)? 
Observe that Gr := gn/|~nl? = |\~n|-?Re panim pr, and in particular, |G;,| < 4. Moreover 
there exists r > 0 such that Ga > 0 in (a — r,a + r) in the C% topology for every a < 1 


(t) dt =0. (A.34) 
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(here, we are using that |y,(a)|? > |y(a)|? 40 as h > 0). We write 


A(t)len()? 
haw Elen)? + Cdlayh + o(hy pone) # (A.35) 


_ A(t)|ya(é)? 7 
= KETTER A GORTA EO O, (A30) 
where we took advantage of the identity 


ADe i 
[ El) — Sth)? + dah tony” ~ 9 (A.37) 


proven in (4.59). 
Arguing as we did for Jp we can reduce the problem to show 


pee Alen OP i E 
ia fon EO EE I UTP OOo. (A38) 


We split the integral to the sum of 
a (A(t) — A(t(A) Iya)? o 
A Ja EW — EEP + (dlayh + y Ca) — a 


t(h)+r 


| 2 


J(h) = aea) | lpr) (Galt) — Ga(t(h))) dt. 


t(ny-r (S(t) — S(t(h)))? + (dla)h + o(h))? 
Next observe that, in the interval that interests us, the following inequalities hold provided 
r and h are sufficiently small: 


|A(t) — A(t(h))| < Clt — t(h)| 
|A(t(h)| = [A(t(h)) — Ala)| < Clt(h) — a| < Ch 
(GaC) — Ga(t(A))| < [Gallov2(e—narnylt — tA)? 
|E) — B@(A))| > Cit — t(h)| 


COLT ORA 


Since ||pal|lz- < C, we can change variable in the integrals to o = t — t(h) and estimate 
them as follows: 


r/2 
|Ja(h)| < ClGallevteran | gi? do < C||Gallapr? 
—r/2 


1/2 71/2 
|J2(h)| <ch f” a oip 73 do = cnt? f —* Oo see < Ch”. 


Clearly Jo(h) > 0, while Ji(h) — 0 because ||Gal|o1/2(a—ra+r) > 0. 


APPENDIX B 
Proofs of technical statements 


B.1. Proof of Remark 1.0.2 
More generally, we will show here that, for any go € [1, 2[ and qı €]2, oo], it is true that 


|| 2 * wllzæzr) < C'(go, 21) (lll 220 (ez) + lwla gr) 


for allw € LOYAL”. Indeed, passing to polar coordinates, one sees that |p, E€ L (B1; R?) 
and K|2\p, € L%(R?\ B1; R*), where qj, qj are given by tae = 1 fori € {0,1}. Holder’s 


qG 


inequality implies that for any x € R?, 
(Avg * w) (x)| = |((K218,) * w) (x) + (K201 — 12,)) * w) (x)| 
[allot gy bisa Ahsenkiar 
< C(qo, 41) (||| 220 + lwll r). 


Since x is arbitrary, this achieves a proof of the claim above. 


B.2. Proof of Theorem 1.0.3 


Existence. The existence argument is a classical density argument. Take any sequence 
(uf wen of functions in L! N CS that converges strongly in L! to wo. Analogously, pick 
a sequence of smooth functions (fn)nen in C&°(R? x [0,T]) converging in L1(R? x [0, T]) 
to f and satisfying the bound || fn(-,t)|[z- < IFC, t)llz» for a.e. t. Then, let w') denote 
the solution of the corresponding Cauchy problem of the Euler equations in vorticity form. 
The existence of such solutions is a classical well-known fact, see for instance [30, Theorem 
A]. Following Remark 1.0.4, these solutions satisfy all the a priori estimates needed in 
Proposition 2.2.3. Therefore, following the proof of Proposition 2.2.3, one obtains, in 
the limit n — oo, a solution w € L®([0, T]; L! N L®) of the given Cauchy problem. 
Furthermore, since the a priori estimates of Remark 1.0.4 are uniform in n, one gets 
K xw € L™((0, T]; L>). 


REMARK B.2.1. The proof of Proposition 2.2.3 has a fixed force f but a straightforward 
adaptation of the arguments handles the case above, namely with a sequence of forces 
(fn)nen that converges in L1(R? x [0, T]) to a given f. More precisely the only difference 
occurs in the term J4(k) of (B.6), which anyway enjoys convergence to the same limit. 


Uniqueness. The uniqueness proof needs two important facts. The first is a well- 
known ODE inequality, whose short proof is given, for the reader’s convenience, at the end 
of the section. 
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LEMMA B.2.2. Let T > 0 and let E : [0,T] — [0,co| be a differentiable function 
satisfying 
E(t) <pME( and = E(0)=0 (B.1) 
for some fixed M > 0. Then E(t) < (Mt)? for allt € [0,7]. 


The second is the classical Calder6én-Zygmund L? estimate, where we need the sharp 
p-dependence of the corresponding constant. This fact is also well known, cf. for instance 
(29, Formula (8.45), page 322]). 


LEMMA B.2.3. For every po > 1 there is a constant c(po) with the following property. 
Ifv = Ky *w for some w € L! N L?(R?) with p € [po, oof, then ||Du||re < pellw|| ze. 


Now, let vı = Kə * w1, v2 = Ko * w be two solutions of (1.1) satisfying the assumptions 
of Theorem 1.0.3 and note that w := v1 — ve solves 


Ow + (vy g V)w + (w V)v2 = -V (pı = p2) (B.2) 


(where pı, p2 are the pressures corresponding to vı and v2). Clearly 
E(t) = f lw(x,t)| dz < 2 | |v1 (x, t)|? da + 2 | |vo(x,t)|? dz < œ 
R2 R2 R2 


is a bounded function on [0, T]. 
We scalar multiply (B.2) with w, integrate by parts and use the divergence free condi- 
tions of v1, v2, and w to conclude and 


E(t) =- 2 f (w -V)vg)wda < 2 f |w(x, t)|?| Dve(x, t)| dx 
R 
<2|[Vo2(-,t)llzo lol, Delw lla” 
Using Remark 1.0.2, we also have 
pe Muls Ole < an Uele + llv2(;t)llz=) 
< O Sup (ealta + |lwi(-, Hll + w0, Hll + lwl dlle) < 0. 


Next fix any p > 2. From Lemma B.2.3 and the classical L’ interpolation we conclude 


1 
|Dv2(-,t) [lee < pellwr(-,t)Ilze < pellwall qor; lwl 


Therefore, E(t) < pM,E(t)'-¥/? with 


1-1/p 
tice (o.r];n%)° 


2 1 
M2 emest ale ellis 
([ ) ([0,T];L®) 


< 2c (Felli core) elle core) + (1 = 2) lwll) 
< 2c(||w]] 7 (o,7.2%) |lwall 2 ((0,7}:£4) + ||w2ll z-¢0,71;2%)) =: M < œ. 


We can tims apply Lemma B.2.2 to obtain that E(t) < (M t)? < (Mt)?. In particular, for 
any t < s+ we have E(t) < + and we can let p tend to oo to infer E(t) = 0. Since the same 
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estimates apply to any translation E(t) := E(t + to) of the function E, we immediately 
conclude that E vanishes identically, namely that vı = v2 on R? x [0, T]. 


PROOF OF LEMMA B.2.2. Fix an arbitrary to < T and note that if E(t o) = 0 there 
is nothing to show. Hence assume E(to) > 0 and set a := sup{t : E(t) = 0 and t < to} 
(note that the set is nonempty because (0) = 0). E(a) = 0 by continuity of E and 
clearly E(t) > 0 for all t €Ja,to]. Therefore, we can divide (B.1) by E(t)!~'/? to obtain 
that E(t)E'/?-1(t) < pM for all t €Ja, to]. Integrating both sides gives 


f ° E(t)EB?(t) < pM (to — a). (B.3) 


But the left hand side equals pE!” (to) — pE"? (a) = pE'/?(to), from which we infer 
E*/?(to) < M(t — a) < Mto. 


B.3. Proof of Proposition 2.2.3 


Recall first the following classical metrizability result of weak* topologies of separable 
Banach spaces. 


LEMMA B.3.1 (Metrizability Lemma). Let X be a separable Banach space and let K C 
X* be weakly*-compact. Then K is metrizable in the weak* topology inherited from X* and 
a metric that induces this topology is given by 


d(1,t) = y min{1, |I(an) — U(an)|}, (B.4) 


n=1 


where (2n)nen is any sequence in X such that {£n : n E€ N} is dense in X. 


Now on to the proof of Proposition 2.2.3. We will prove convergence of the we, to a we 
for fixed £ and k —> oo in the space C([0,T]; K), where K := {u € L4(R?) : |lullza < R} 
is equipped with the weak* topology inherited from L%. (We will talk about the choice of 
q later.) Here, R is the uniform bound obtained in (2.24) of Corollary 2.2.2. Note that 
since every L4 space is reflexive, one can work just as well with the weak topology on K. 
Let (@n)nen be a sequence of smooth functions such that {n : n € N} is dense in every 
L1. The metric given by (B.4) now induces the topology of K, and it does not depend on 
q. Therefore, using the uniform bound (2.24), we conclude that the choice of q does not 
matter. It is sufficient to prove the statement of Proposition 2.2.3 for one fixed q €]1, p] in 
order to prove it for all q €]1, p]. 


CLAIM B.3.2. wep, seen as functions from [0,T] to K, are equicontinuous (for simplicity 
we define each we,(-,t) on the interval [0,t,| as constantly equal to wex(-, th) ). 


PROOF. For @,@ € L4(R’), let 


: L is ti gide 
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Since each ws solves the Euler equations in vorticity form, we can estimate 


dilwe klt, >) Weal.) 


iff O,Wex(o, 2)bi(x) do dex 


=| I (Ka * wer): Vjwerle, 0) + f(a, 0)di(2) do dz 


t 
< ||V¢ill LR) J] |K * We gl||wWe k| do dz 
R sS 


t 
+ lése f f |f(x,o)| do dx 
R2 Js 


CUY gillo + llé:llo)ls — tl (B.5) 


whenever t > s > tp, where y = y(a, @). Indeed, the last inequality follows from f € L L1 
for some r = r(a, @) > 1 (see the proof of Lemma 2.1.2). Let £ > 0. We can find a N EN 


(depending on £) such that 77° y.,2-" < &. If 


- 
t—s < ’ 
| | (nome, ny (ll Vll + =D) 


grees 


By the Banach-Alaoglu theorem, bounded subsets are relatively compact in the weak* 
topology. Therefore, using reflexivity, for every t € [0,7], the bounded set {we k(t): k € 


N} is also relatively compact in L4. 
Therefore, using Arzela-Ascoli, we can conclude that there exists a subsequence of 


(Wek)ken, not relabeled, that converges in C([0, T]; £4), for every q, to the same we € 
C([0, T]; £4). 


CLAIM B.3.3. The we is a solution of the Euler equations in vorticity formulation. 
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PROOF. We have, for every k € N and ¢ € CY (R? x [0, T]) with ¢(-, T) = 0, (cf. (1.3)) 


T 
o= f eat bp Oni tk) d+ f f We klz, t)ðolx, t) dx dt 
R2 t, JR? 


=: (k) =:Ig(k) 


T 
+ I f(x, t)0(a, t) dxdt = 0. (B.6) 
t, JR? 


a 
=:14(k) 


The term [,(k) converges to 
f Fæ Dólet) dzat. 
R? x [0,T] 


By the convergence of the w. x, 


lim J5(k) = f w(x, t)O.(a, t) dx dt. 
R? x [0,7] 


k- oo 


By the definition of the initial condition of we, (cf. (2.20)), wex(-,t,) converges strongly 
in LI(R?) to &(-,0) = wo = w,(-,0). Therefore, 


lim [,(k) = f, w(x, 0)ġ(x,0) dz. 


k= oo 


It therefore only remains to prove the convergence of T3, for which we will require yet 
another claim. 


CLAIM B.3.4. For every r € [2,00| and every t € [0,T], the set {vez(-,t) : k E N} is 
compact in L”(Bpr) for every R > 0. 


PROOF. From (2.24), we know that ||u-4(-,#)||z2(@2) < C for some constant C that: is 
independent of t. Recall that vep = V+wW.,, where Yep solves Aw. = weg- Therefore, 
using the Calderén-Zygmund inequality, one gets 


[Veen t)z < Cllwen(-, tliz. 
Since the L? norms of the w.,(-,t) are uniformly bounded, we can conclude that 


sup ||Vvex(-, t)||z2 < 00. 
kE€oo 


Hence we conclude the compactness in L"(Br) from Rellich’s Theorem. 


Therefore, the ve p(-,t) converge to v,(-,t) strongly in every L’(Br) with r € [2, oo]. 
Moreover, thanks to (2.24), we can apply the dominated convergence theorem by Lebesgue 
to conclude that vsk > vs as k — oo in the space L1({0,T]; L’(Br)) for every r € [2, oof. 
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By definition, 
Wek (Vek ` V)o E We (Ue . V)o = We,k(Ue,k = Ve) ` Vo + (Wek a We) Ue ` Vo i 


We thus rewrite 
T T 
I (k) = f | We,k(Ve,k — Ve) - VG da dt + f f (Wek — We)ve Voda dt. (B.7) 
0 Br 0 Br 
ee 


=:J_(t) 
Observe first that, for each fixed t, 
lim Ji.(t) = 0, 


k- oo 
since weht, t) — wel, t) converges weakly to 0 in L?, while ve(-,t)- Vọ(-,t) is a fixed L? 
function. On the other hand 
AOL VEE t) [ln (lwe rl Hll + llwe(-, Hll) [vel H llr- 

Therefore the second integral in (B.7) converges to 0. The first integral can be bounded 
by 

[Ve]lzæ ||Ve k — vell z1(0,T)],L2(Br)) lwe, l| L=(0,T)],12(Br)) 
and converges to 0 as well. 


B.4. Proof of Lemma 2.4.1 
Consider V € L?,N.Y for m > 2 and let v := Ky * V. We first claim that 


f v=0 for every R > 0. (B.8) 
Br 
With (B.8) at our disposal, since ||Du||z2¢a2) = ||0||r2(az), we use the Poincaré inequality 
to conclude 

Ro |lvllzzgr) + Dv lleawey < CllP lea) (B.9) 


for a geometric constant C. This is then enough to infer the remaining conclusions of the 
lemma. 

In order to achieve (B.8) observe first that v = Vth, where h is the unique potential- 
theoretic solution of Ah = ¥, given by h = K «0 with K(x) = =+ log |z|. Since K(Rox) = 
K(x) and V(x) = 0(Ror/mx), it follows that h( Ror/mx) = h(x), i.e. h is m-fold symmetric. 
Therefore R_o7/mWVh(Ror/mt) = Vh(x). In particular, integrating in x and using that the 
rotation is a measure-preserving transformation of the disk, we conclude 


Vh = Ronm | Vh, 


Br Br 
and thus, 


Br Br 


m—-1 
1 
Vh=— $ Rainim | Vh. 
k=0 


However, since m > 2, ae Rəkr/m = 0, showing that Jen Vh=0. 
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REMARK B.4.1. We next show that it is not possible to find a continuous extension of 
the operator L? N Z > V m Ka * V € Z to the whole L?. First of all we observe that, if 
such an extension exists, it then needs to coincide with Ky * J when J € L'N L?. We next 
exhibit a sequence of divergence free vector fields {v} C W'! A W1? with the property 
that wp = curl vz converge to 0 strongly in L? but vy converge locally to a constant vector 
field vg # 0. In order to do this, we first define the following functions ¢, on the positive 
real axis: 


1+ ang forr < £ 
Fank ~ ink Gab for B<r<k 

Gul) = ) 1+ ane — ng lg fork <r <k? 
ane? = 2k) for k? < r < 2k? 
0 for r > Dk. 


Observe that x is Ct and its derivative is Lipschitz. Next we define the stream functions 

Prlz) = —oe(lal)ugy x 
and the vector field v(x) = V+yx(x). By construction vg is divergence free, compactly 
supported, and Lipschitz. In particular, it belongs to W+? for every p. Moreover, vz equals 
(1+ =z) vo on By, and it thus follows that, as k + oo, vz converges locally to the constant 
vector field vp. It remains to check that curl v, = Av, converges to 0 strongly in L?. We 
compute 

Ady, = — ug - £ A(ox(|2|)) — V (olll) -vo 
eT 
= fr ="0k 

and we seek to bound fp and g; pointwise. For what concerns fp observe that Ad; vanishes 
on |z| < E, k < |z| < k?, and 2k? < |z|. On the remaining regions, using the formula for 
the Laplacian in polar coordinates, we can estimate 


Lfe(2)] < lvolla|(1o"(el)| + lege). 


In particular, we conclude 


C 
< 
CORR AT 


for a constant C independent of k. As for gx, it vanishes for |x| < £ and |z| > k?, and 
where it does not vanish we have the estimate 


C 
< í a 
jac(e)| < Joll (led < 
again for a constant C independent of k. Passing to polar coordinates, we can thus estimate 
GC PF C C In(4k) 
All? < = In(2k°) — ln £) = —_— _ , 
lAviz =(in al or = Tee (In(2k") = In 5) (In k)? 


J2 T 
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external force, 7 


force, external, 7 
geometric multiplicity, 30, 53, 102 
Lyapunov Schmidt reduction, 67 


neutral mode, 49, 52 
neutral wavenumber, 49 


Plemelj’s formula, 50, 70 


Rayleigh’s inflection point theorem, 49 

Rayleigh’s stability equation, 46, 48, 52 

resolvent, 24 

Riesz projector, 30 

Rotationally symmetric function space, 23 

Rotationally symmetric function space, inner 
product, 31 


Schwartz space Z, 9 

Self-similar operator, 23, 24 
Semigroup, 31 

Semigroup, growth bound, 31 

shear flow, 49 

Similarity variables, 21 

Solution, weak, 7 

space .Y’ of tempered distributions, 9 
spectrum, 24, 30, 41 


tempered distribution, 9 


velocity, 7 
vorticity, 7 


Yudovich uniqueness theorem, 8 
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